
INVERSION OF DISPLACEMENT OPERATORS∗

VICTOR Y. PAN† AND XINMAO WANG‡

SIAM J. MATRIX ANAL. APPL. c© 2003 Society for Industrial and Applied Mathematics
Vol. 24, No. 3, pp. 660–677

Abstract. We recall briefly the displacement rank approach to the computations with struc-
tured matrices, which we trace back to the seminal paper by Kailath, Kung, and Morf [J. Math.
Anal. Appl., 68 (1979), pp. 395–407]. The concluding stage of the computations is the recovery
of the output from its compressed representation via the associated displacement operator L. The
recovery amounts to the inversion of the operator. That is, one must express a structured matrix
M via its image L(M). We show a general method for obtaining such expressions that works for all
displacement operators (under only the mildest nonsingularity assumptions) and thus provides the
foundation for the displacement rank approach to practical computations with structured matrices.
We also apply our techniques to specify the expressions for various important classes of matrices.
Besides unified derivation of several known formulae, we obtain some new ones, in particular, for
the matrices associated with the tangential Nevanlinna–Pick problems. This enables acceleration of
the known solution algorithms. We show several new matrix representations of the problem in the
important confluent case. Finally, we substantially improve the known estimates for the norms of
the inverse displacement operators, which are critical numerical parameters for computations based
on the displacement approach.
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1. Introduction.

1.1. Displacement rank approach to computations with structured ma-
trices. Structured matrices are omnipresent in computations for communication, sci-
ences, and engineering (see the extensive bibliographies in [KS95], [KS99], and [P01]).
Figure 1.1 displays the four most popular classes of structured matrices. They are
generalized to various other highly important matrix structures in the displacement
rank approach, which we trace back to the seminal paper [KKM79]. We next follow
[P01] to outline this approach, which treats various matrix structures in a unified way,
based on their association with the displacement operators, and then focus on its most
fundamental stage of the inversion of the displacement operators.

An n×n structured matrix M can be associated with an appropriate displacement
operator L such that r = rank(L(M)) is small, r � n. The image matrix L(M) is
called the displacement of M , and r is called the displacement rank of M . The n2

entries of the displacement L(M) can be represented via only 2rn parameters. Such
a compressed representation of L(M) can be extended to the matrix M by inverting
the displacement operator.

Example 1.1 (Cauchy-like matrices; see [HR84], [GO94]). LetD(s) = diag(si)
m
i=1,

D(t) = diag(tj)
n
j=1, s = (si)

m
i=1, and t = (tj)

n
j=1, where all si, tj are distinct. Consider
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Toeplitz matrices (ti−j)
m,n
i,j=1 Hankel matrices (hi+j)

m,n
i,j=1

Vandermonde matrices
(
tj−1
i

)m,n

i,j=1
Cauchy matrices

(
1

si−tj

)m,n

i,j=1

Fig. 1.1. Four classes of structured matrices.

the linear operator

L(M) = D(s)M −MD(t).

Suppose that

L(M) =
l∑

k=1

gkh
T
k = GHT , G = (g1, . . . ,gl), H = (h1, . . . ,hl).(1.1)

It is immediately verified that (1.1) has a unique solution

M =

l∑
k=1

D(gk)C(s, t)D(hk),(1.2)

where C = C(s, t) = ( 1
si−tj

)m,n
i,j=1 is the Cauchy matrix of Figure 1.1. Equation (1.2)

reduces multiplication of a matrix M by a vector to multiplication of C(s, t) by l
vectors. If l � n, M is called a Cauchy-like matrix. This class covers the important
subclasses of Loewner and Pick matrices [P01, pp. 9, 96].

Similarly, the classes of Toeplitz, Hankel, and Vandermonde matrices are ex-
tended, and many other structured matrices are also compressed via (1.1) for appro-
priate operators L. This enables the performing of computations with the matrices
M in terms of their displacement generators G,H by using much smaller amounts of
computer memory and much less CPU time than with the general matrices as long as

(a) the ranks of the displacements are kept small and
(b) the desired output (e.g., the solution of a linear system) is easily recovered

at the end.
Here is a flowchart of [P01] for this approach: COMPRESS, OPERATE, DE-

COMPRESS.
The COMPRESS stage consists in choosing a short displacement generator for

the input matrix M (e.g., [P92], [P93], by computing the SVD of its displacement
L(M) = UΣ2V T = GHT , G = UΣ, H = V Σ). Simple rules for operating with
displacements at the OPERATE stage can be found in [P01, section 1.5]. They
include expressions for displacements of the products, sums, linear combinations,
Schur complements, and blocks of structured matrices. They also include algorithms
for the recovery of a shorter generator from a longer one. These expressions and
algorithms are stated for symbolic displacement, based on (1.1), where the operator
L and matrix class M are not specified. Thus the rules and algorithms are unified
over various classes of structured matrices. Application of these rules to some basic
computations with structured matrices (such as the computation of short displacement
generators for the inverses or for the bases of the null spaces) yields effective unified
algorithms, which are superfast, that is, which run inO(n logd n) time for d ≤ 3, versus
the orders of n3 time in Gaussian elimination and n2 time in some fast algorithms.
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Furthermore, in [P90], the displacement transformation was proposed as a means
of extending any successful algorithm available for one class of structured matrices
to other classes, and sample transformations among the four classes of matrices of
Hankel, Toeplitz, Vandermonde, and Cauchy types were displayed. This approach was
pushed forward extensively, yielding effective practical algorithms [H95], [GKO95],
[KO96], [G98], [G98a]. On the other hand, the DECOMPRESS stage never enjoyed
the systematic treatment it deserves, and thus the entire approach hinged on a few
ad hoc formulae scattered in [KKM79], [AG91], [GO94], and [BP94]. Particularly
underdeveloped was this basic stage for the important applications using rectangular
structured matrices (appearing, e.g., in structured least-squares computations) and
singular displacement operators (appearing, e.g., in the study of the Nevanlinna–Pick
celebrated problems). An important related issue is the estimation of ‖L−1‖, which
is a critical numerical parameter. For example, whenever the solution of a linear
system Mx = b is recovered from the displacement L(M−1) computed numerically,
the output errors are proportional to ‖L−1‖. In another example, a structured matrix
is inverted numerically by means of Newton’s iteration, and the COMPRESS stage
is recursively applied in each iterative step [P92], [P01]. The convergence rate of
the process and even the convergence itself critically depend on the residual norm
ri = ‖I −MXi‖, where Xi is an approximation to M−1 implicitly represented by its
compressed displacement. The residual norm ri is proportional to ‖L−1‖, and so the
convergence is faster where ‖L−1‖ is smaller.

1.2. Our results and organization of the paper. In the present paper, we
fill the cited void in a systematic regular way. We specify bilinear expressions of struc-
tured matrices via their displacements or, equivalently, invert the linear displacement
operators, covering the most popular classes of structured matrices and almost all
known operators L (see Remark 6.4). We treat the general case of rectangular matri-
ces M and supply general inversion techniques for possibly singular operators L. We
first invert them on the orthogonal complement of their null spaces and then extend
the inversion to all matrices by using the first or the last row and/or column of M (see
Examples 5.1(3), 5.4(2), and 5.6(2) and sections 6.2(ii) and 6.3(ii)). Because of the
high importance of the approach, our work should inevitably have substantial practi-
cal impact on the computations with structured matrices supplying a solid foundation
for them to replace the collection of random ad hoc recipes available so far. Within
the limited space of this paper, we point only to some impact on the solution of the
Nevanlinna–Pick and Nehari problems in Remarks 5.8 and 6.4, referring the reader
to [BGR90], [OP98], [P01], and the bibliographies therein for further information on
these problems and the impact. Sections 2–4 cover some simple and/or known aux-
iliary results. In sections 5 and 6, we derive the desired bilinear expressions. The
derivation is elementary and rather straightforward in section 5 (apart from our novel
treatment of the case of singular operators) but is more involved in section 6. There
we invert the operators associated with a very general class of confluent matrices.
The inversion of these operators is a basis for the design of effective algorithms for
the confluent tangential Nevanlinna–Pick problem and was a highly important long-
standing open issue. The superfast algorithms of [OP98], [OS00], and [P01] for the
confluent Nevanlinna–Pick problem as well as their future amendments and improve-
ments rely and must inevitably rely on the inversion of the associated displacement
operators. In Remarks 5.9 and 6.4, we comment on the preceding works. In section
7, we briefly comment on the extension of our results to the products and inverses
of structured matrices. Finally, in sections 8 and 9, we substantially advance the
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known results in [P92], [P93], [PRW02], and [PKRC02] on estimating the norms of
the inverse displacement operators.

2. Definitions and basic results. Let us begin with some definitions and sim-
ple basic results (cf. [P01] for a detailed and systematic exposition of structured
matrix computations). We assume computations in an arbitrary field F, which, in
particular, covers computations in the fields of complex, real, or rational numbers (C,
R, or Q). M ∈ Fm×n denotes an m× n matrix with the entries in the field F.

• t−1 = (t−1
i )1≤i≤k, where t = (ti)1≤i≤k ∈ Fk×1. WT , vT are the transposes

of a matrix W and a vector v, respectively. W−T is the transpose of W−1,
that is, W−T = (W−1)T = (WT )−1.

• (W1, . . . ,Wn) is the 1× n block matrix with the blocks W1, . . . ,Wn. D(v) =
diag(v) is the n× n diagonal matrix, where v = (vi)1≤i≤n.

• ei is the ith coordinate vector, having its ith coordinate 1 and all other
coordinates 0, and so e1 = (1, 0, . . . , 0)T . 0 = (0, . . . , 0)T , 1 = (1, . . . , 1)T .
I = In = (e1, . . . , en) is the n×n identity matrix. 0n is the n×n null matrix.
J = Jn = (en, . . . , e1) is the n× n reflection matrix.

• Zf = ( f
In−1

) = (e2, . . . , en, fe1) is the n × n unit f-circulant matrix. Z =
Z0 is the n × n unit lower triangular Toeplitz matrix. For a vector v =
(v1, . . . , vm)T , write

Zf,m,n(v) = (zi,j)1≤i≤m
1≤j≤n

,

zi,j =

{
vi−j+1 if i ≥ j,

fkvm−l if j − i− 1 = km+ l, 0 ≤ l ≤ m− 1, k ≥ 0.

Zf,m,n(v) is the m× n f -circulant matrix with the first column v. Zf (v) =∑m
i=1 viZ

i−1
f = Zf,m,m(v). Z(v) = Z0(v).

• Vm,n(x) = (xj−1
i )1≤i≤m

1≤j≤n
is the m × n Vandermonde matrix defined by its

second column vector x = (xi)1≤i≤m. V (x) = Vm,m(x).
• ωn is a primitive nth root of 1 (that is, ωn

n = 1, ωs
n 	= 1, s = 1, 2, . . . , n− 1);

e.g., ωn = e2π
√−1/n in the complex number field C. wn = (ωi−1

n )1≤i≤n is the
vector of all nth roots of 1.

• Ωn = (ω
(i−1)(j−1)
n )1≤i≤n

1≤j≤n
is the n×n matrix of the discrete Fourier transform

(DFT). The DFT of a vector v of dimension n is the vector DFT (v) = Ωnv.
• 
x� and �x
 denote two integers closest to a real x such that �x
 ≤ x ≤ 
x�.
• For any matrix A, let σi(A) be its ith largest singular value if i ≤ rank(A),
and let σi(A) = 0 if i > rank(A). For any n×n matrix A, let spectrum(A) =
{λ1(A), . . . , λn(A)} be the set of all of the eigenvalues of A. (We repeat m
times any eigenvalue having algebraic multiplicity m.)

The following simple results can be easily verified.

Theorem 2.1. J2 = I, Jv = (vn+1−i)1≤i≤n, JD(v)J = D(Jv) for any vector
v = (vi)1≤i≤n.

Theorem 2.2. For the n × n matrix Ze and any scalar e, we have Zn
e = eI,

ZT
e = JZeJ . For e 	= 0, we have Z−1

e = ZT
1/e.

Theorem 2.3 (see [CPW74]). For the n × n matrix Ze and scalar e 	= 0, we
have Ze = V −1 diag(ωi

n)
n−1
i=0 V , where V = V (t) = (ωij

n )n−1
i,j=0 diag(t

i)n−1
i=0 and t is a

primitive nth root of e.
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Theorem 2.4. O(n log n) flops are sufficient to multiply by a vector the matrices
V and V −1 of Theorem 2.3 as well as the n×n Vandermonde matrix V ((t+ s1)−1)T

for any scalar s.
Proof. Let v = (vi)i, u = (uk)k, v(x) =

∑
1≤i≤n vix

i−1. Then the vectors

V (u)v = (v(uk))
n
k=1 for u = t, u = t−1, and u = (t + s1)−1 can be computed in

O(n log n) flops [P01, p. 29], [PSD70].
The rest of this section is the basis for estimating the operator norms ‖L−1‖ in

sections 8–9.
Definition 2.5.
• σ1(A) ≥ · · · ≥ σr(A) > 0 are all of the singular values of a matrix A, r =
rank(A).

• λ1(A), . . . , λn(A) are all of the eigenvalues of an n×n matrix A with |λ1(A)| ≥
· · · ≥ |λn(A)|.

• m | n means that an integer m divides an integer n; m � n means the opposite.
• lcm(m,n) is the least common multiple of two positive integers m and n.
Definition 2.6 (norms of vectors, operators, and matrices).
• For a vector x = (xi), we define its (Euclidean) norm by ‖x‖ = (

∑
i |xi|2)1/2.

• For a linear operator L on a normed vector space V , we define the 2-norm

by ‖L‖ = sup0 �=x∈V
‖L(x)‖
‖x‖ .

• Viewing an m × n matrix A = (aij) = (a1, . . . ,an) as an mn-dimensional

vector
−→
A = (aT1 , . . . ,a

T
n )

T , we define its Frobenius norm ‖A‖F = ‖−→A ‖ =
(
∑

i,j |ai,j |2)1/2. Alternatively, we may view the matrix as a linear operator
LA : x �→ Ax (or RA : x �→ xTA) and define its operator norm (2-norm)
‖A‖ = ‖LA‖ (or ‖RA‖).

• Given a linear operator L on the m × n matrix space, we restrict L on the

matrices A having rank of at most r and define ‖L‖r = suprank(A)≤r
‖L(A)‖
‖A‖ .

Here are some simple results.
Theorem 2.7. For r ≥ 1 and a linear operator L on the matrix space, we have

‖L‖r−1 ≤ ‖L‖r ≤ r‖L‖1.
Proof. (1) ‖L‖r−1 ≤ ‖L‖r is obvious. (2) For any matrix A, we know from its

SVD that A = A1 + · · · + Ar, where r = rank(A), each Ai is a rank-1 matrix, and
‖Ai‖ = σi(A). Then ‖L(A)‖ ≤ ‖L(A1)‖+ · · ·+‖L(Ar)‖ ≤ ‖L‖1(‖A1‖+ · · ·+‖Ar‖) ≤
r‖L‖1‖A‖.

Theorem 2.8. For any matrix A, ‖A‖ = σ1(A), ‖A‖F = (
∑

i σi(A)2)1/2. There-

fore, ‖A‖F /
√
rank(A) ≤ ‖A‖ ≤ ‖A‖F . Furthermore, ‖A‖ ≥ |λ1(A)| if A is a square

matrix.
Example 2.9. For m×m matrix Ze,

‖Zk
e ‖ =

{
|e|k/m if m | k,
|e|
k/m� max(1, |e|) if m � k.

3. Linear operators of Sylvester and Stein types. Let us associate struc-
tured matrices with displacement linear operators of Sylvester type, L = ∇A,B ,

∇A,B(M) = AM −MB,(3.1)

and Stein type, L = ∆A,B ,

∆A,B(M) = M −AMB,(3.2)
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where A, B are two fixed operator matrices. The image L(M) is called the L-
displacement of a matrix M or just its displacement. We consider the general case of
rectangular matrices A,B, and M .

Operators of both types are useful; the ∇ operators may be more effective at
the OPERATE stage; the ∆ operators may be more effective at the DECOMPRESS
stage.

Theorem 3.1. ∇A,B = A∆A−1,B if the matrix A is nonsingular, and ∇A,B =
−∆A,B−1B if the matrix B is nonsingular.

Definition 3.2. A linear operator L is nonsingular if the equation L(M) = 0
implies that M = 0.

Theorem 3.3 (cf. [P01, Theorem 4.3.2]). ∇A,B is nonsingular if and only if
λi(A) 	= λj(B) for all pairs of eigenvalues (λi(A), λj(B)); ∆A,B is nonsingular if and
only if λi(A)λj(B) 	= 1 for all pairs (λi(A), λj(B)).

Corollary 3.4. If the operator ∇A,B is nonsingular, then A or B is nonsingu-
lar.

Let us relate basic operations with matrices to operations with their displacements
(cf. [P01]).

Theorem 3.5. For a nonsingular matrix M and a pair of operator matrices A
and B, we have

∇B,A(M
−1) = −M−1∇A,B(M)M−1.

Furthermore,

∆B,A(M
−1) = BM−1∆A,B(M)B−1M−1 if B is nonsingular,

∆B,A(M
−1) = M−1A−1∆A,B(M)M−1A if A is nonsingular.

Theorem 3.6. For any triple of matrices (A,B,M) of compatible sizes, we have

∇A,B(M
T ) = −∇BT ,AT (M)T , ∆A,B(M

T ) = ∆BT ,AT (M)T .

Theorem 3.7. Let Â = V AV −1, B̂ = W−1BW for some nonsingular matrices
V and W . Then

∇Â,B̂(VMW ) = V∇A,B(M)W, ∆Â,B̂(VMW ) = V∆A,B(M)W.

4. Inversion of displacement operators. Our explicit expressions for a ma-
trix M via its displacement rely on the next simple theorem.

Theorem 4.1 (see [GO92], [W93], [PRW02]). For any triple of matrices A, B,

and M and for all natural numbers k, we have M = AkMBk+
∑k−1

i=0 Ai∆A,B(M)Bi.

By combining Theorems 3.1 and 4.1, we obtain the next result.

Corollary 4.2. Given a triple of matrices A, B, and M and a natural number
k, we have M = A−kMBk +

∑k−1
i=0 A−i−1∇A,B(M)Bi if A is nonsingular and M =

AkMB−k −∑k−1
i=0 Ai∇A,B(M)B−i−1 if B is nonsingular.

Theorem 4.1 and Corollary 4.2 enable simple expressions of a matrix M via its
displacements ∆A,B(M) and ∇A,B(M), respectively, provided that Ak = cI and/or
Bk = cI for a scalar c.

Corollary 4.3. Under the assumptions of Theorem 4.1, we have M(I−aBk) =∑k−1
i=0 Ai∆A,B(M)Bi if Ak = aI and (I−bAk)M =

∑k−1
i=0 Ai∆A,B(M)Bi if Bk = bI.
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Definition 4.4. Hereafter, W = (w1, . . . ,ws) is a matrix with columns given by
vectors w1, . . . ,ws. Suppose, for an m × n matrix M and a linear operator L, that
we have

L(M) = GHT =

l∑
k=1

gkh
T
k ,(4.1)

G = (g1, . . . ,gl), H = (h1, . . . ,hl), and l is “small” (l = O(1) or l � min(m,n)).
Then M is called a structured matrix with an L-generator (G,H) of length l.

Definition 4.5. For natural numbers m and n, an m × m matrix P , and an
m-dimensional column vector v, we define the m × n Krylov matrix Km,n(P,v) =
(v, Pv, . . . , Pn−1v).

Remark 4.6. The Krylov matrix Km,n(P,v) turns into
(a) the m× n f -circulant matrix Zf,m,n(v) when P = Zf ,
(b) JZf,m,n(Jv) when P = ZT

f , and
(c) the product D(v)Vm,n(P1) of the diagonal matrix D(v) and the Vander-

monde matrix Vm,n(P1) when P is a diagonal matrix; D(v) = Im when
v = 1.

Theorem 4.1 and Corollary 4.2 imply the next results.
Theorem 4.7. For an operator L = ∆A,B, an m× n matrix M satisfying (4.1),

and all natural numbers k, we haveM = AkMBk+
∑l

j=1 Km,k(A,gj)Kn,k(B
T ,hj)

T .
Theorem 4.8. For an operator L = ∇A,B, an m× n matrix M satisfying (4.1),

and all natural numbers k, we have M = A−k−1MBk + A−1
∑l

j=1 Km,k(A
−1,gj) ·

Kn,k(B
T ,hj)

T if A is nonsingular and M = AkMB−k−1 − ∑l
j=1 Km,k(A,gj) ·

Kn,k(B
−T ,hj)

TB−1 if B is nonsingular.

5. Bilinear expressions via generators for fundamental matrix struc-
tures. In this section, we extend (1.2) to express a matrix M ∈ Fm×n via its
displacement L(M), where L = ∆A,B and L = ∇A,B for some commonly used
operator matrices A ∈ Fm×m, B ∈ Fn×n. Let L(M) = GHT =

∑
1≤j≤l gjh

T
j ,

G = (gi,j)1≤i≤m,1≤j≤l, H = (hi,j)1≤i≤n,1≤j≤l.
Example 5.1. The Stein-type operators L = ∆Ze,Zf

are associated with Hankel-
like matrices. Note that Zm

e = eIm, Zn
f = fIn. We begin with the special case in

which e = 0 (the same tool applies to f = 0), then supply the expressions in the
general nonsingular case, and finally cover all choices of e and f .

1. e = 0. Apply Theorem 4.7, take into account Remark 4.6, and obtain that

M =

l∑
j=1

Km,m(Z,gj)Kn,m(ZT
f ,hj)

T =

l∑
j=1

Z(gj)Zf,n,m(Jhj)
TJ.

2. Let the operator ∆Ze,Zf
be nonsingular. Then the matrix In − eZm

f is non-
singular due to Definition 3.2. Apply Theorem 4.7 for k = m, then recall
Remark 4.6 and obtain that

M =

l∑
j=1

Km,m(Ze,gj)Kn,m(ZT
f ,hj)

T (In − eZm
f )−1

=

l∑
j=1

Ze(gj)Zf,n,m(Jhj)
TJ(In − eZm

f )−1.
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3. If the operator ∆Ze,Zf
is singular, then we cannot recover the matrix M solely

from its displacement. We need extra information about M . We begin with
the matrix equation

∆Ze,Z(M) = ∆Ze,Zf
(M) + ZeM

(
f

0n−1

)
= GHT + fZeMe1e

T
n ,

apply Theorem 4.7 to the operator ∆Ze,Z , recall Remark 4.6, and deduce that

M =

l∑
j=1

Km,n(Ze,gj)Kn,n(Z
T ,hj)

T + fKm,n(Ze, ZeMe1)Kn,n(Z
T , en)

T

=

l∑
j=1

Ze,m,n(gj)Z(Jhj)
TJ + fZe,m,n(JZeMe1)J,

where (Mi,1)1≤i≤m = Me1 is the first column of M .
Remark 5.2. In case 2, we involve the matrix (In−eZm

f )−1 = V −1
f diag( 1

1−etmi
)1≤i≤nVf ,

where Vf = (tj−1
i )1≤i≤n,1≤j≤n, t1, . . . , tn are all the nth roots of f .

Example 5.3. The case of the Stein-type operators L = ∆Ze,ZT
f
, L = ∆ZT

e ,Zf
,

and L = ∆ZT
e ,ZT

f
, associated with Toeplitz/Hankel-like matrices, can be reduced to

Example 5.1 based on Theorem 2.2.
Example 5.4. The Sylvester-type operators L = ∇Ze,Zf

are associated with
Toeplitz-like matrices.

1. If e 	= 0, then, by Theorems 3.1 and 2.2, we have

∆ZT
1/e,Zf

(M) = ZT
1/e∇Ze,Zf

(M) = (ZT
1/eG)HT .

The latter equation immediately reduces the problem to the case of the Stein-
type operators ∆ZT

e ,Zf
of Example 5.3. The same tool applies to the case

f 	= 0.
2. If e = f = 0, then we have (cf. [BP93], [BP94] for the proof)

M = J

l∑
j=1

Z(JZTgj)Z0,n,m(Jhj)
TJ + JZ0,n,m(JMTem)TJ.

Example 5.5. Similarly to Example 5.4, we express Hankel-like and Toeplitz-like
matrices M associated with the Sylvester-type operators L = ∇Ze,ZT

f
, L = ∇ZT

e ,Zf
,

and L = ∇ZT
e ,ZT

f
.

Example 5.6. The Stein-type operators L = ∆D(v),ZT
f

are associated with the

matrix structure of Vandermonde type.
1. If the operator ∆D(v),ZT

f
is nonsingular, then the matrix Im − fD(v)n is

nonsingular, and it follows from Theorem 4.7 and Remark 4.6 that

M = (Im − fD(v)n)−1
l∑

j=1

Km,n(D(v),gj)Kn,n(Zf ,hj)
T

= diag

(
1

1− fvni

)
1≤i≤m

l∑
j=1

D(gj)Vm,n(v)Zf (hj)
T .
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2. To relax the nonsingularity assumption, observe that

∆D(v),ZT (M) = ∆D(v),ZT
f
(M) +D(v)M

(
0n−1

f

)
= GHT + fD(v)Mene

T
1 .

Therefore, we deduce from Theorem 4.7 and Remark 4.6 that

M =

l∑
j=1

Km,n(D(v),gj)Kn,n(Z,hj)
T + fD(v)Km,n(D(v),Men)

=

l∑
j=1

D(gj)Vm,n(v)Z(hj)
T + fD(v)D(Men)Vm,n(v).

Example 5.7. The Stein-type operators L = ∆D(v),Zf
, L = ∆Ze,D(v), and

L = ∆ZT
e ,D(v) and the Sylvester-type operators L = ∇D(v),Zf

, L = ∇D(v),ZT
f
,

L = ∇Ze,D(v), and L = ∇ZT
e ,D(v) are also associated with structured matrices of

Vandermonde type. Theorems 2.2, 3.1, 3.5, and 3.6 enable us to reduce the problems
to the case of the operator ∆D(v),ZT

f
of Example 5.6.

Remark 5.8. In [P01], a variant of the displacement transformation techniques
of [P90] reduced the solution of the tangential Nevanlinna–Pick and matrix Nehari
problems to computations with skew-Hankel-like matrices associated with the opera-
tor ∇ZT

e ,−Zf
for a pair of scalars e and f , e 	= f . Such matrices have no other natural

derivation; their hidden structure appears to be hard to exploit, but the inversion
formulae of Example 5.3 are immediately extended. More generally, all presented
expressions for the inversion of the operators ∇A,B and ∆A,B can be immediately
extended to operators ∇aA,bB and ∆aA,bB for any pair of nonzero scalars a and b.
With this extension, the unified divide-and-conquer algorithms of [P99], [P00], and
[P01] solve the cited important problems by using O(N log2 N) flops (N being the
input size) versus O(N log3 N) announced in the proceedings paper [OP98] and the or-
der of N2 in the preceding works. Important superfast algorithms using O(N logd N)
flops are known for other rational interpolation problems [BVB97], [CJL96], [CJL96a],
[KVB99], but different techniques are required for the Nevanlinna–Pick and Nehari
problems.

Remark 5.9. The bilinear expressions of this section have been known for square
matrices M and the following operators L: ∆ZT ,Z and ∆Z,ZT [KKM79], ∇D(v),ZT

[GKKL87], ∇Z1,Z−1 [AG91], ∇Z,Z ,∇ZT ,ZT ,∆Z,Z , and ∆ZT ,ZT [BP93], [BP94], and
∆Ze,ZT

1/e
and ∆D(v),ZT

1/e
for e 	= 0 [GO94]. Some other expressions of this section

have been announced in [P01] (see the notes to section 4.4 therein) although only for
square matrices M and nonsingular operators L.

6. Bilinear expressions via generators for confluent matrices.
Example 6.1. More general operator matrices A = λIm + Ze and B = µIn + Zf

(see Remark 6.3) cover the confluent matrices involved in the tangential confluent
Nevanlinna–Pick problem [BGR90], [GO94a], [OS00], [P01]. Then L = ∇A,B =
∇(λ−µ)Im+Ze,Zf

= ∇Ze,(µ−λ)In+Zf
, and we partition our study depending on the

values e, f , and λ− µ.

6.1. Case 1. e = f = 0. Assume that λ 	= µ. Otherwise, see part 2 of Example
5.4. Combine Corollary 4.2, Remark 4.6, and the equation

∇A,B(M) = ((λ− µ)Im + Z)M −MZ = GHT
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to obtain

M =

n−1∑
j=0

((λ− µ)Im + Z)−j−1GHTZj =

n−1∑
j=0

m−1∑
i=0

(−j − 1

i

)
(λ− µ)−j−1−iZiGHTZj

=

m−1∑
i=0

n−1∑
j=0

(−1)i(i+ j)!

i!(λ− µ)i+j+1j!
ZiGHTZj =

l∑
k=1

Km,m(Z,gk)Θ0(λ− µ)Kn,n(Z
T ,hk)

T

=

l∑
k=1

Z(gk)Θ0(λ− µ)Z(Jhk)
TJ,

Θ0(s) =

(
(−1)i−1(i+ j − 2)!

(i− 1)!si+j−1(j − 1)!

)m,n

i,j=1

= diag

(
(−1)i−1

(i− 1)!

)m

i=1

H diag

(
1

(j − 1)!

)n

j=1

,

H =

(
(i+ j − 2)!

si+j−1

)
1≤i≤m
1≤j≤n

,

which is a Hankel matrix.

6.2. Case 2. e �= 0, f = 0 (similarly if e = 0, f �= 0).
(i) (µ− λ)m 	= e. Write V = V (t), and combine the equation

∇A,B(M) = ((λ− µ)Im + Ze)M −MZ = GHT

with Theorem 2.3, Corollary 4.2, and Remark 4.6 to obtain

M =

n−1∑
j=0

((λ− µ)Im + Ze)
−j−1GHTZj =

n−1∑
j=0

V −1((λ− µ)Im +D)−j−1V GHTZj

=

l∑
k=1

V −1((λ− µ)Im +D)−1Km,n(((λ− µ)Im +D)−1, V gk)Kn,n(Z
T ,hk)

T

=

l∑
k=1

V −1 diag(V gk)
(
( 1
λ−µ+ti

)j
)

1≤i≤m
1≤j≤n

Kn,n(Z
T ,hk)

T

=

l∑
k=1

(
V −1

m∑
r=1

gr,kD
r−1

)(
( 1
λ−µ+ti

)j
)

1≤i≤m
1≤j≤n

Kn,n(Z
T ,hk)

T

=

l∑
k=1

(
m∑
r=1

gr,kZ
r−1
e V −1

)(
( 1
λ−µ+ti

)j
)

1≤i≤m
1≤j≤n

Kn,n(Z
T ,hk)

T

=

l∑
k=1

Km,m(Ze,gk)V
−1
(
( 1
λ−µ+ti

)j
)

1≤i≤m
1≤j≤n

Kn,n(Z
T ,hk)

T

=

l∑
k=1

Km,m(Ze,gk)Θ1(λ− µ)Kn,n(Z
T ,hk)

T =

l∑
k=1

Ze(gk)Θ1(λ− µ)Z(Jhk)
TJ.

Here Θ1(s) = V −1(( 1
s+ti

)j)1≤i≤m
1≤j≤n

= 1
mV (t−1)TVm,n((t + s1)−1)D(t + s1)−1, t =

(ti)1≤i≤m is the vector of all the mth roots of e.
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(ii) (µ− λ)m = e, so the operator L is singular. Note that

((λ− µ)Im + Z)M −MZ = ∇A,B(M) + (Z − Ze)M = GHT − ee1e
T
mM.

Proceed similarly to Case 1 to obtain that

M =
l∑

k=1

Km,m(Z,gk)Θ0(λ− µ)Kn,n(Z
T ,hk)

T − eΘ0(λ− µ)Kn,n(Z
T ,MTem)T

=

l∑
k=1

Z(gk)Θ0(λ− µ)Z(Jhk)
TJ − eΘ0(λ− µ)Z(JMTem)TJ.

6.3. Case 3. ef �= 0.
(i) The operator L is nonsingular, so both matrices I − f((λ− µ)Im + Ze)

n and
I − e((µ − λ)In + Zf )

m are nonsingular. Apply Corollary 4.2 for k = m and obtain
that

M = Me((µ− λ)In + Zf )
m +

m−1∑
i=0

Z−i−1
e GHT ((µ− λ)In + Zf )

i.

Therefore, we have

M =

(
m−1∑
i=0

Z−i−1
e GHT ((µ− λ)In + Zf )

i

)
(In − e((µ− λ)In + Zf )

m)−1

=


m−1∑

i=0

Z−i−1
e GHT

n−1∑
j=0

(
i

j

)
(µ− λ)i−jZj

f


 (In − e((µ− λ)In + Zf )

m)−1

=


 m∑

i=1

n∑
j=1

(
i− 1

j − 1

)
(µ− λ)i−jZ−i

e GHTZj−1
f


 (In − e((µ− λ)In + Zf )

m)−1

=

(
l∑

k=1

Km,m(Z−1
e , Z−1

e gk)Θ2(µ− λ)Kn,m(ZT
f ,hk)

T

)
(In − e((µ− λ)In + Zf )

m)−1,

where Θ2(s) = ( (i−1)!si−j

(j−1)!(i−j)! )1≤i≤m
1≤j≤i

is an m × m lower triangular matrix, Θ2(s) =

diag ((i− 1)!)1≤i≤m ( si−j

(i−j)! )1≤i≤m
1≤j≤i

diag ( 1
(j−1)! )1≤j≤m. Recall the equation Z−1

e = ZT
1/e

of Theorem 2.2, recall Remark 4.6, and rewrite this expression as follows:

M =

(
l∑

k=1

JZ1/e(JZ
−1
e gk)Θ3(µ− λ)Zf,n,m(Jhk)

TJ

)
(In − e((µ− λ)In + Zf )

m)−1.

(ii) The operator L is singular. For any 4-tuple (λ, µ, e, f), apply the equation

(λIm + Ze)M −M(µIn + Z) = ∇A,B(M) +M(Zf − Z) = GHT + fMe1e
T
n ,

where Zn = 0, and, as in Case 2, deduce from Theorem 4.7 and Remark 4.6 that

M =
l∑

k=1

Km,m(Ze,gk)Θ1(λ− µ)Kn,n(Z
T ,hk)

T + fKm,m(Ze,Me1)Θ1(λ− µ)J

=

l∑
k=1

Ze(gk)Θ1(λ− µ)Z(Jhk)
TJ + fZe(Me1)Θ1(λ− µ)J.
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6.4. Further remarks.

Remark 6.2. For ef 	= 0, we have (cf. Theorem 2.3)

(Im − f((λ− µ)Im + Ze)
−n)−1 = V −1

e diag
(

(λ−µ+si)
n

(λ−µ+si)n−f

)
1≤i≤m

Ve,

(In − e((µ− λ)In + Zf )
−m)−1 = V −1

f diag
(

(µ−λ+ti)
m

(µ−λ+ti)m−e

)
1≤i≤n

Vf ,

where Ve = (sj−1
i )1≤i≤m

1≤j≤m
, Vf = (tj−1

i )1≤i≤n
1≤j≤n

, s1, . . . , sm, are all mth roots of e, and

t1, . . . , tn are all nth roots of f .

Remark 6.3. To invert the Sylvester-type operators L = ∇λIm+Ze,µIn+ZT
f
, L =

∇λIm+ZT
e ,µIn+Zf

, and L = ∇λIm+ZT
e ,µIn+ZT

f
, combine Theorem 2.2, Example 6.1,

and the equations

∇λIm+Ze,µIn+Zf
(MJ) = ∇λIm+Ze,µIn+ZT

f
(M)J = G(JH)T ,

∇λIm+Ze,µIn+Zf
(JM) = J∇λIm+ZT

e ,µIn+Zf
(M) = (JG)HT ,

∇λIm+Ze,µIn+Zf
(JMJ) = J∇λIm+ZT

e ,µIn+ZT
f
(M)J = (JG)(JH)T .

Remark 6.4. For a Sylvester-type operator L = ∇A,B for any pair of A and B,
we have PAP−1 = diag(λi(A)Imi + Z)1≤i≤p, QBQ−1 = diag(λj(B)Inj + Z)1≤j≤q.
Let us express a matrix M via its displacement L(M) = GHT , the matrices P and
Q, and the Jordan blocks Ai = λi(A)Imi + Z, i = 1, . . . , p; Bj = λj(B)Inj + Z,
j = 1, . . . , q, of the operator matrices A and B. (Already for P = Im, Q = In, this
covers the general class of confluent matrices associated with the tangential confluent
Nevanlinna–Pick problem [BGR90].) We recover the matrix M from its displacement
L(M) = GHT by applying the following steps:

1. Represent the matrix PMQ−1 as a p × q block matrix with blocks Mi,j of
size mi × nj ; represent the matrix PG as a p × 1 block matrix with blocks
Gi of size mi × l; represent the matrix HTQ−1 as a 1× q block matrix with
blocks HT

j of size l × nj .

2. Replace the matrix equation ∇A,B(M) = GHT by the block equations
∇Ai,Bj (Mi,j) = GiH

T
j for all pairs (i, j), i = 1, . . . , p; j = 1, . . . , q.

3. Express the blocks Mi,j from their displacement generators (Gi, Hj) as in
Example 6.1.

4. Express the matrix M = P−1(Mi,j)1≤i≤p
1≤j≤q

Q.

For P = Im, Q = In, we arrive at the matrices M defining the tangential confluent
Nevanlinna–Pick problem. In this case, extensively studied since [BGR90], stages 1
and 4 are trivialized. In Case 1 of Example 6.1, a distinct expression for M via L(M)
is stated in [OS00]. With omitted proofs and restricted to the case of square matrices
M , some of our results were announced in [P01] with reference to the present paper
(see the notes of section 4.4 therein).

7. Two implications.

(a) The basic structured matrices can be multiplied by vectors in nearly linear
time (see [P01]). Our bilinear expressions of structured matrices via their generators
enable immediate extension of these algorithms to more general classes of structured
matrices. In particular, we multiply the n × n matrices of Examples 5.1, 5.3–5.5,
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and 6.1 by a vector by using O(ln log n) flops. Similarly, we yield the cost bound of
O(ln log2 n) flops for the n× n matrices of Examples 5.6 and 5.7.

(b) Theorem 3.5 enables the extension of all of our expressions to the inverse
matrixM−1 via the products of this matrix with the 2l vectors gk and hk, k = 1, . . . , l.

8. Lower and upper bounds on the norms of the inverse displacement
operators. In this section, we estimate the operator norm ‖L−1‖ for the opera-
tors L = ∆Ze,Zf

, L = ∇Ze,Zf
, L = ∆Ze,D(v), L = ∇Ze,D(v), and L = ∆D(u),D(v),

L = ∇D(u),D(v). All of our proofs and estimates, however, are invariant to interchang-
ing the operator matrices A and B and to transposing any of A and B, so the same es-
timates are immediately extended to the operators ∆ZT

e ,Zf
, ∇ZT

e ,Zf
, ∆Ze,ZT

f
, ∇Ze,ZT

f
,

∆ZT
e ,ZT

f
, ∇ZT

e ,ZT
f
, ∆ZT

e ,D(v), ∇ZT
e ,D(v), ∆D(v),Ze

, ∇D(v),Ze
, ∆D(v),ZT

e
, ∇D(v),ZT

e
, re-

spectively. This covers the operators associated with the matrices of the most popular
structures of Toeplitz, Hankel, Vandermonde, and Cauchy types.

Theorem 8.1. For any operator norm and any positive integer r, we have

max
i,j

|1− λi(A)λj(B)|−1 ≤ ‖∆−1
A,B‖r ≤

√
r‖(I −BT ⊗A)−1‖,(8.1)

max
i,j

|λi(A)− λj(B)|−1 ≤ ‖∇−1
A,B‖r ≤

√
r‖(I ⊗A−BT ⊗ I)−1‖,(8.2)

where ⊗ is the Kronecker product and the lower bounds on ‖∆−1
A,B‖r and ‖∇−1

A,B‖r
apply to any operator norm.

Proof. (1) Let g and h be two eigenvectors of A and B, respectively, such that
Ag = λi(A)g, BTh = λj(B)h. Let M = ghT . Then we have ∆A,B(M) = (1 −
λi(A)λj(B))M , ∇A,B(M) = (λi(A)−λj(B))M ; that is, M is an eigenvector of ∆A,B

and ∇A,B . This proves the lower bounds in (8.1) and (8.2).

(2) Recall that
−−−−−−→
∆A,B(M) = (I − BT ⊗ A)

−→
M ,

−−−−−−→∇A,B(M) = (I ⊗ A − BT ⊗ I)
−→
M .

By Theorem 2.8, ‖M‖ ≤ ‖M‖F = ‖−→M‖, ‖∆A,B(M)‖ ≥ ‖∆A,B(M)‖F /
√
r =

‖−−−−−−→∆A,B(M)‖/√r, ‖∇A,B(M)‖ ≥ ‖∇A,B(M)‖F /
√
r = ‖−−−−−−→∇A,B(M)‖/√r. This proves

the upper bounds in (8.1) and (8.2).

Our next upper bounds on ‖L−1‖ rely on the bilinear expressions for M implied

by Example 2.9 and Corollary 4.3. Write ê = max(1, |e|), f̂ = max(1, |f |).
Theorem 8.2. Let 7 = lcm(m,n). We have

‖∆−1
Ze,Zf

‖ ≤ êf̂

|1− e�/mf �/n|
�−1∑
k=0

|e|
k/m�|f |
k/n�,(8.3)

‖∇−1
Ze,Zf

‖ ≤ êf̂

|e�/m − f �/n|
�−1∑
k=0

|e|
(�−1−k)/m�|f |
k/n�.(8.4)

Proof. (1) Let ∆ = ∆Ze,Zf
(M). Then M = 1

1−e	/mf	/n

∑�−1
k=0 Z

k
e∆Zk

f . So ‖M‖ ≤
1

|1−e	/mf	/n|
∑�−1

k=0 ‖Zk
e ‖ ‖∆‖ ‖Zk

f ‖ ≤ ‖∆‖êf̂
|1−e	/mf	/n|

∑�−1
k=0 |e|
k/m�|f |
k/n�.

(2) Let ∇ = ∇Ze,Zf
(M). We may assume e 	= 0; otherwise, ‖∇−1

Z0,Zf
‖ =

lime→0 ‖∇−1
Ze,Zf

‖. Then M = 1
1−f	/n/e	/m

∑�−1
k=0 Z

−1−k
e ∇Zk

f . So ‖M‖ ≤ |e|	/m
|e	/m−f	/n| ·∑�−1

k=0 ‖Z−1−k
e ‖ ‖∇‖ ‖Zk

f ‖ ≤ ‖∇‖êf̂
|e	/m−f	/n|

∑�−1
k=0 |e|
(�−1−k)/m�|f |
k/n�.
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Theorems 8.1 (for A = Ze, B = Zf ) and 8.2 together imply the following corollary.

Corollary 8.3. Let m = n, so lcm(m,n) = n. Then

|1− |ef |1/nω2n|−1 ≤ ‖∆−1
Ze,Zf

‖ ≤ nêf̂

|1− ef | ,

||e|1/n − |f |1/nω2n|−1 ≤ ‖∇−1
Ze,Zf

‖ ≤ nêf̂

|e− f | .

Remark 8.4. Comparing the latter lower and upper bounds as n → ∞, we obtain

lim
n→∞

|1− ef |
nêf̂

∣∣1− |ef |1/nω2n

∣∣ =
{ |1−ef |

êf̂
√

π2+ln2 |ef | if ef 	= 0,

0 if ef = 0,

lim
n→∞

|e− f |
nêf̂

∣∣|e|1/n − |f |1/nω2n

∣∣ =
{ |e−f |

êf̂
√

π2+ln2 |e/f | if ef 	= 0,

0 if ef = 0.

Here ln denotes the natural logarithm. Our estimates of Corollary 8.3 are asymptoti-
cally tight as n → ∞; that is, the lower and upper bounds differ by a nonzero constant
factor, provided ef 	= 0 and either ef 	= 1 (for ∆Ze,Zf

) or e 	= f (for ∇Ze,Zf
).

Let us improve our lower bounds by sampling matrices in the case in which
f = 0 for any e (similarly, where e = 0 for any f). Let M = Ze(1)JZ(1). Then
∆Ze,Z(M) = 1 1T . Write e = x + y

√−1, where x, y are real numbers. We have
‖∆Ze,Z(M)‖ = n and

‖M‖2 ≥ 1

n
‖1TM‖2 =

1

n

n∑
i=1

∣∣∣∣in+
i(i− 1)

2
(e− 1)

∣∣∣∣
2

≥
(
n4

20
− n3

8
+

n2

12

)
(x− 1)2 +

(
n4

4
− n3

3

)
(x− 1) +

n4

3

≥ n2

48

(
n2 − 2

5
n+ 25

)
.

Therefore, ‖∆−1
Ze,Z

‖1 ≥ cn for some constant c > 0. Similarly, we have ‖∇−1
Ze,Z

‖1 ≥ c′n
for another constant c′ > 0. This leads to much tighter bounds than the ones of
Theorem 8.1 for A = Ze, B = Z0.

In all cases, we have ‖∇−1
Ze,Zf

‖1 ≥ cn for all ef 	= 1; ‖∆−1
Ze,Zf

‖1 ≥ cn for all e 	= f ,
where c is a positive constant independent of n.

Theorem 8.5.

max
j

|1− |e|1/m|vj |ω2m|−1 ≤ ‖∆−1
Ze,D(v)‖ ≤ ê

m−1∑
k=0

max
j

∣∣∣∣∣ vkj
1− evmj

∣∣∣∣∣ ,(8.5)

max
j

||e|1/m − |vj |ω2m|−1 ≤ ‖∇−1
Ze,D(v)‖ ≤ ê

m−1∑
k=0

max
j

∣∣∣∣∣ vkj
e− vmj

∣∣∣∣∣ .(8.6)

Proof. (1) The lower bounds in (8.5) and (8.6) follow from Theorem 8.1 for
A = Ze, B = D(v).
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(2) Let ∆ = ∆Ze,D(v)(M). Then M =
∑m−1

k=0 Zk
e∆D(v)k(In − eD(v)m)−1

(see Corollary 4.3). So ‖M‖ ≤ ∑m−1
k=0 ‖Zk

e ‖ ‖∆‖ ‖D(v)k(In − eD(v)m)−1‖ ≤
‖∆‖ê∑m−1

k=0 maxj | vk
j

e−vm
j
|.

(3) Assume e 	= 0; otherwise, ‖∇−1
Z0,D(v)‖ = lime→0 ‖∇−1

Ze,D(v)‖. Let∇ = ∇Ze,D(v)(M).

Then M =
∑m−1

k=0 Z−1−k
e ∇D(v)k(In − eD(v)m)−1 (see Corollary 4.3). So ‖M‖ ≤∑m−1

k=0 ‖Z−1−k
e ‖ ‖∇‖ ‖D(v)k(In − eD(v)m)−1‖ ≤ ‖∇‖ê∑m

k=0 maxj | vk
j

e−vm
j
|.

Remark 8.6. Suppose |vj | /∈ (1− ε, 1 + ε) for a constant ε > 0 and for all j.

(a) If e 	= 0, then

lim
m→∞

m−1∑
k=0

max
j

∣∣∣∣∣ vkj
1− evmj

∣∣∣∣∣ < 1

ε
max

(
1,

1

|e|
)
,

lim
m→∞

m−1∑
k=0

max
j

∣∣∣∣∣ vkj
e− vmj

∣∣∣∣∣ < 1

ε
max

(
1,

1

|e|
)
.

(b) If e = 0, let us improve the lower bound by sampling M = (vi−1
j )ni=1e

T
j .

Then ∆Z,D(v)(M) = e1e
T
j . Write v = maxj |vj |. Since ‖∆Z,D(v)(M)‖ = 1, we

have
√

v2m−1
v2−1 ≤ ‖∆−1

Z,D(v)‖1 ≤ vm−1
v−1 . Compare the latter lower and upper bounds as

m → ∞ to obtain limm→∞
√

v2m−1
v2−1 / vm−1

v−1 = | v+1
v−1 |. That is, our estimates (8.5), (8.6)

are asymptotically tight as m → ∞ for any e provided that {vj} are not clustered
around 1.

Theorem 3.1 for A = D(u), B = D(v) implies the next corollary.

Corollary 8.7.

1

mini,j |1− uivj | ≤ ‖∆−1
D(u),D(v)‖r ≤

√
r

mini,j |1− uivj | ,(8.7)

1

mini,j |ui − vj | ≤ ‖∇−1
D(u),D(v)‖r ≤

√
r

mini,j |ui − vj | .(8.8)

Remark 8.8. The lower and upper bounds of Corollary 8.7 are within the factor
of

√
r from each other, and r is small for structured matrices.

Next, we extend the upper estimates of Corollary 8.7 for ‖L−1‖r based on the
displacement transformation techniques, with the goal of improving our estimates
(8.3)–(8.6) when |e| and |f | are not too small or too large.

Theorem 8.9. Let Â = V AV −1, B̂ = W−1BW for some nonsingular matrices
V and W , C = ‖V ‖ ‖V −1‖ ‖W‖ ‖W−1‖. Then

‖∆−1
A,B‖r ≤ C‖∆−1

Â,B̂
‖r, ‖∇−1

A,B‖r ≤ C‖∇−1

Â,B̂
‖r.

Proof. ∆Â,B̂(VMW ) = V∆A,B(M)W , ∇Â,B̂(VMW ) = V∇A,B(M)W .

By combining Theorems 8.9 and 2.3, we transform the operators ∆−1
Ze,Zf

, ∇−1
Ze,Zf

and ∆−1
Ze,D(v), ∇−1

Ze,D(v) into the operators ∆−1
D(u),D(v), ∇−1

D(u),D(v) and then extend

the bounds of Corollary 8.7 to the former operators. We arrive at a corollary showing
the desired improvement of (8.3)–(8.6).
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Corollary 8.10. Suppose ef 	= 0; e
1
m and f

1
n are any mth and nth roots of e

and f , respectively. Write ẽ = max(|e|, 1
|e| ), f̃ = max(|f |, 1

|f | ), and then

‖∆−1
Ze,Zf

‖r ≤
√
rẽ

m−1
m f̃

n−1
n max

i,j
|1− e

1
mωi

mf
1
nωj

n|−1,

‖∇−1
Ze,Zf

‖r ≤
√
rẽ

m−1
m f̃

n−1
n max

i,j
|e 1

mωi
m − f

1
nωj

n|−1,

‖∆Ze,D(v)‖r ≤
√
rẽ

m−1
m max

i,j
|1− e

1
mωi

mvj |−1,

‖∇Ze,D(v)‖r ≤
√
rẽ

m−1
m max

i,j
|e 1

mωi
m − vj |−1.

9. Decreasing the norm ‖L−1‖. Typically, in the DECOMPRESS stage of
the displacement rank approach, the numerical problems diminish where ‖L−1‖ is
smaller. In particular, this factor is critical for rapid convergence of Newton’s iter-
ation with recursive compression applied to invert a structured matrix [P92], [P01],
[PRW02], [PKRC02], [CPVBW02]. It is, therefore, desired to decrease ‖L−1‖. Sur-
prisingly, this is possible based on the displacement transformation approach proposed
in [P90]. According to this approach, a successful algorithm or method of study for
a specific class of structured matrices can be extended to other classes of structured
matrices via appropriate transformation of the associated displacement operators. At
the end of the preceding section, we applied this approach to extend our estimates of
Corollary 8.7 from Cauchy-like to Toeplitz/Hankel-like and Vandermonde-like matri-
ces. Let us demonstrate how this works by another example. Suppose we seek the solu-
tion of a nonsingular linear system Mx = b, where the Cauchy-like input matrix M is
associated with an operator L0 = ∇D(s),D(t), and suppose the norm ‖L−1

0 ‖ is too large.
Let us solve the problem by using the displacement transformation method. Choose
a vector v = (aωi

n)
n−1
i=0 for a scalar a such that ‖L−1‖ is small for L = ∇D(s),D(v).

According to Corollary 8.7, this is the case if the component sets of the vectors s and
v are well isolated from each other. Solve the linear system MC(t,v)y = b whose
coefficient matrix is associated with the operator L = ∇D(s),D(v) and is typically not
worse conditioned than M ; finally, recover x = C(t,v)y. Due to the transition from
L0 to L, the critical stage of the solution can be dramatically simplified (for instance,
if the solution is obtained by using Newton’s iteration). The above recipe can be im-
mediately extended to the case of Toeplitz-like, Hankel-like, Vandermonde-like, and
other structured matrices M based on their well-known simple transformations into
Cauchy-like matrices (see Theorems 2.3, 3.7, and 8.9 and [P90]).
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