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BACKGROUND: One semester of Real Analysis including quantifiers, sups, infs and epsilon-
delta proofs of continuity recommended but not necessary.

DEFN: A metric space is a set of points, X, and a distance, d : X ×X → [0,∞) such that

(i) d(x, y) = 0 if and only if x = y

(ii) d(x, y) = d(y, x) for all x, y ∈ X
(iii) d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X.

Problem 1: Prove X = Rn and d(x, y) = |x− y| is a metric space. This space is called Euclidean
space and is denoted En.

Defn: A ball about a point p ∈ X of radius r ∈ (0,∞), is

Bp(r) = {x : d(x, p) < r}.

Problem 2: Prove that if r < R then Bp(r) ⊂ Bp(R).
Hint 0: Draw a picture. Hint 1: Recall that you must prove that for all x ∈ Bp(r), we have x ∈ Bp(R). So this proof should begin with ”let

x ∈ Bp(r)” and end with ”x ∈ Bp(R)”. Hint 2: The second line of the proof will follow from the definition of ball. Hint 3: Then apply the fact

that r < R and the last line follows from the definition of ball again.

Problem 3: Prove that if d(x, y) < 2 then Bx(5) ⊂ By(7).
Hint 0: Draw a picture. Hint 1: Remember to write the first and last lines of a proof first. Hint 2: Use the Hints 1-2 from Problem 2. Hint 3:

Don’t forget the triangle inequality.

Problem 4: Prove that if y ∈ Bx(2) then there exists ry > 0 such that By(ry) ⊂ Bx(2).
Hint 0: Draw a picture choosing a few different y ∈ Bx(2) to get a sense of what ry ’s value should be. Hint 1: You need to find a formula for ry

depending on y and make sure it is positive. Hint 2: The proof starts ”Given y ∈ Bx(r), chose ry = to your formula. Then justify why ry > 0.

Then write ”We claim By(ry) ⊂ Bx(2)” and proceed to prove this fact just as in Problem 3. Hint 3: If you cannot complete the proof, consider

the possibility that your formula is wrong.

Problem 5: Prove that if d(x, y) > 6 then Bx(1) ∩By(3) = ∅.
Hint 0: Draw a picture. Hint 1: Do a proof by contradiction. Hint 2: Your first line should be ”Let p ∈ Bx(1) ∩ By(3).” Hint 3: Work towards a

contradiction using first the definition of intersection and then the definition of a ball. Hint 4: Don’t forget d(x, y) > 6. Hint 5: Don’t forget the

triangle inequality.

Problem 6: Prove that if d(x, y) ≥ a+ b then Bx(a) ∩By(b) = ∅.
Hint 0: Draw a picture. Hint 1: This is almost the same as Problem 5. Hint 2: Be careful with strict inequalities and inequalities.

The converse of Problem 6 is true in Euclidean Space but is not true for other metric spaces...
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DEFN: A discrete metric space is a collection of points, X, with the discrete metric: d(x, y) = 1
for all x 6= y and d(x, y) = 0 otherwise. Two point discrete space can be drawn as the end points
of a unit line segment. Three point discrete space has exactly three points and can be drawn as
the vertices of an equilateral triangle. Four point discrete space can be drawn as the vertices of a
regular tetrahedron.

Problem 7a: Prove that a discrete metric space is always a metric space.
Hint 0: Just check (i)-(iii).

Problem 7b: Prove that in a discrete metric space Bx(r) is the single point set {x} when r ≤ 1
and that it is all of X when r > 1.
Hint 0: Draw the picture in the 3 pt discrete space. Hint 1: do each case separately, first assume r ≤ 1 and apply the definition of ball and then

apply the definition of metric space. Hint 2: next assume r > 1 and repeat the process.

Problem 7c: Prove that the converse of Problem 6 fails on the discrete metric space.
Hint 0: You need to show Bx(a)∩By(b) = ∅ does not imply a+ b ≥ d(x, y). So find a counter example. Hint 1: Draw a picture in 3 point discrete

space. Hint 2: Use d(x, y) = 1. Hint 3: Take any a, b > 0 such that a + b < 1 and apply problem 7b.

DEFN: An annulus is defined Annp(r,R) = {x : d(x, p) ∈ (r,R) }.

Problem 8: Prove that if d(p, q) = 5 then Bq(2) ⊂ Annp(3, 7).
Hint 0: Draw a picture in the plane. Hint 1: Write the first and last lines. Hint 2: The first line is “given x ∈ Bq(2)” and you should add x to

your picture. Hint 3: The last line is “x ∈ Annp(3, 7)”. Hint 3: What is the second to last line? Hint 4: The second to last line is d(p, x) ∈ (3, 7),

so you must show d(p, x) < 7 and d(p, x) > 3. Draw this segment in your picture. Hint 5: From the definition of ball and d(p, q) = 5 you can

draw two more segments in your picture to form a triangle. Hint 6: Apply the triangle inequality in various ways choosing different corners.

Problem 9: Suppose that ∀ε > 0, y ∈ Bx(ε). Prove that y = x. Hint 0: Draw a picture in the plane. Hint 1:

Prove it by contradiction. Hint 2: To contradict a statement about ”all ε” you only need to find one ε which for which the statement is false. Hint

3: Assume y 6= x and then choose an ε > 0 such that y /∈ Bx(ε). Hint 4: ε = d(x, y)/2 should work, prove it.

Defn: An upper bound for a set of real numbers, A ⊂ R, is a real number b such that b ≥ a ∀a ∈ A.
The smallest upper bound for a set A is called the supremum, sup(A), and it exists for every set
A ⊂ R which has an upper bound. When the set A has no upper bound we say sup(A) =∞.

Defn: A metric space, X, is bounded if there exists R > 0 and p ∈ X such that Bp(R) = X.

Defn: The diameter of a metric space, X, is diam(X) = sup{d(x, y) : x, y ∈ X}.

Problem 10a: Prove that a bounded metric space has finite diameter.
Hint 1. By the definition of supremum, you only need to show A = {d(x, y) : x, y ∈ X} has an upper bound. What do you think

this bound is? Hint 2: If x, y ∈ Bp(R), use the triangle inequality to estimate d(x, y). Hint 3. Your first line should be, given

x, y ∈ X, then by the boundedness, the second line says there is p ∈ X, such that x, y ∈ Bp(R), so the third line says d(x, y) ≤

something by the triangle inequality involving p.

Problem 10b: Prove that if X is a discrete metric space with more than one point
then diam(X) = 1.
Hint 1: First prove 1 is an upper bound for A = {d(x, y) : x, y ∈ X}. Hint 2: Now to prove it is a supremum, assume on the contrary

that it is not the smallest upper bound. Hint 3: Assume there is a smaller upper bound, b < 1. Hint 5: For a contradiction you

must find a x, y ∈ X such that d(y, x) > b.

Problem 10c: Prove that if En is Euclidean space, then diam(En) =∞.
Hint 1: Prove there is no upper bound for A = {d(x, y) : x, y ∈ En}. Hint 2: Assume on the contrary that there is an upper bound,

D > 0. Hint 3: Find a pair of points, x, y ∈ En such that d(x, y) > D to contradict that D is an upper bound.
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