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BACKGROUND: Projects 1-3. Metric spaces, balls, open sets and closed sets for problems
1,2,5,6,7, and 8. Linear Algebra notion of Vector Spaces is needed for problems 3,4, and 9. Com-
pactness is needed for problem 10.

DEFN: Real Hilbert Space, l2, is a metric spaces whose points are sequences {xj} of real numbers
such that

∑∞
j=1 x

2
j <∞. The metric is

d ({aj}, {bj}) =

√√√√ ∞∑
j=1

|aj − bj |2

We will prove this is a metric space later.

PROBLEM 1: Let δi,j = 1 if i = j and 0 otherwise. Let ei ∈ l2 be the sequence:

ei = {δi,j} so that
e1 = {1, 0, 0, 0, 0...}
e2 = {0, 1, 0, 0, 0...}
e3 = {0, 0, 1, 0, 0...} and so on.

These may be considered as basis vectors. Prove that ei ∈ l2. Prove that for i 6= k, d(ei, ek) =
√

2.

PROBLEM 2: In l2 we have scalar multiplication,

r{xj} := {rxj}

so that re1 = {r, 0, 0, 0...} and re2 = {0, r, 0, 0, ....}. Prove that if {xj} ∈ l2, then r{xj} ∈ l2.

PROBLEM 3: In l2 we have addition,

{xj}+ {yj} := {xj + yj}.

Prove that Hilbert space is a vector space.

PROBLEM 4: Prove that Hilbert Space is an inner product space with the inner product

{xj} · {yj} :=
∞∑

j=1

xjyj .

Recall that the norm |x| = (x · x)1/2. Observe that d({aj}, {bj}) = |{aj} − {bj}|. This the triangle
inequality follows from normed spaces as in linear algebra
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PROBLEM 5: Prove that l2 is a metric space using either problems 1-4 or directly using the
limits of finite sums.

PROBLEM 6: Prove that in l2

Cl(Bp(r)) = {x : d(x, p) ≤ r}

PROBLEM 6: Prove that in any metric space Cl(Bp(r)) is a bounded set.

PROBLEM 7: Prove that the sequence of points ei in Problem 1 all lie in Cl(B0(1)).

PROBLEM 8: Prove that the sequence of points ei in Problem 1 have no converging subsequence
by contradiction, proving that if a subsequence converged to some p then eventually points in the
subsequence would have to be in Bp(

√
2/2), which would contradict problem 1.

PROBLEM 9a: Prove that

Bei(
√

2) ∩ Cl(B0(1)) =
{
x ∈ l2 : |x| ≤ 1 and xi > 0

}
where xi is the ith term of the point x ∈ l2.

PROBLEM 9b: Prove that

B−ei(
√

2) ∩ Cl(B0(1)) =
{
x ∈ l2 : |x| ≤ 1 and xi < 0

}
.

PROBLEM 9c: Prove that

Cl(B0(1)) ⊂
∞⋃
i=1

Bei(
√

2) ∪B−ei(
√

2).

PROBLEM 9c: Prove that if we remove even one ball from the union in 9c, then Cl(B0(1)) is
no longer a subset of the union.

PROBLEM 10: After learning the definition of compactness, prove that Cl(B0(1)) is closed and
bounded but is not compact. Thus the Heine-Borel Theorem which is true on Euclidean space is
false on l2 space. You can prove this using sequences or open covers from the above problems. Go
through the proof of the Heine-Borel Theorem on Euclidean space to see why it fails here.
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