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BACKGROUND: Metric spaces, balls, open sets, unions Hints are at the end of the project.

DEFN: A compact set K is a se such that every open cover,

K ⊂
⋃
α∈I

Uα

has a finite subcover

K ⊂
n⋃
i=1

Uαi .

Remember that an open cover of K is a collection of open sets whose union covers the set K. This
collection could be infinite or even uncountable, so we write an arbitrary index set I.

PROBLEM 1: Prove that a set with a single point inside of it, K = {p}, is a compact set.

PROBLEM 2: Prove that a set with finitely many points is a compact set.

PROBLEM 3: Prove that if X = E2 then K = {(x, 0) : x ∈ R} is not compact.

PROBLEM 4: Prove that if X = E2 then K = Bp(R) is not compact. Show that when X is
discrete space this isn’t true.

PROBLEM 5: Prove that if X is the discrete metric space and K ⊂ X is compact, then K has
finitely many points.

PROBLEM 6: Prove that if X is any metric space and K ⊂ X is compact, then K is bounded.

PROBLEM 7: Prove that if X is any metric space and K ⊂ X is compact and R > 0, then one
can cover K by a finite collection of balls of radius R centered on points in K.

PROBLEM 8: Prove that if X is any metric space and limj→∞ xj = x, then

K = {x1, x2, ....} ∪ {x}

is compact.

PROBLEM 9: Prove that if X is any metric space and K ⊂ X is compact then K is closed.

DEFN: A sequentially compact set, K ⊂ X, is a set such that for any sequence xj ∈ K, there
exists a subsequence which converges to a point in x ∈ K.

PROBLEM 10: Prove that a set with finitely many points is a sequentially compact set.

PROBLEM 11: Prove that if X = R2 then K = {(x, 0) : x ∈ R} is not sequentially compact.
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PROBLEM 12: Prove that if X = R2 then K = Bp(R) is not sequentially compact.

PROBLEM 13: Prove that if X is the discrete metric space and K ⊂ X is sequentially compact,
then K has finitely many points.

PROBLEM 14: Prove that if X is any metric space and K ⊂ X is sequentially compact, then
K is bounded.

PROBLEM 15: Prove that a sequentially compact set is closed.

DEFN: A sequence xj is said to Cauchy if

∀ε > 0, ∃Nε such that |xj − xk| < ε ∀j, k > Nε.

It is easy to see that a converging sequence if Cauchy using the Triangle Inequality.
PROBLEM 16: Recall that Cauchy sequences in R always converge. Prove this is not true on
arbitrary metric spaces.
PROBLEM 17: Prove that if X is any metric space, K ⊂ X is compact, and xj ∈ K is a sequence
then a subsequence of the xj is Cauchy.

PROBLEM 18: Prove that if X is any metric space, K ⊂ X is compact, and xj ∈ K is a Cauchy
sequence, then there exists x ∈ K such that limj→∞ xj = x.

PROBLEM 19: Prove that a compact set is sequentially compact.

PROBLEM 20: Prove that a sequentially compact set is compact. To give an idea as to how to
devise a proof, I give some intuitive ideas (a)-(d) and then you can build a rigorous proof (e).
a) Show that given any set K and an open cover, K ⊂

⋃
α∈I Uα, there is a special covering of K

by balls,
K ⊂

⋃
x∈K

Bx(rx)

where for each x, we know x ∈ Uαx , so ∃rx > 0 such that Bx(rx) ⊂ Uαx .
b) If this covering by balls has a finite subcover:

K ⊂
N⋃
j=1

Bxj (rxj )

then so does the original cover.

K ⊂
N⋃
j=1

Uαxj
.

So we need only show any covering by balls has a finite subcover.
c) Now, using the fact that K is sequentially compact, if one can be certain that all the rx > r0 > 0
in (a), show a finite subcover exists. (See hints).
d) Prove that if K is sequentially compact, then one can choose rx > r0 > 0 in (a). (see hints)
e) Put together these ideas in an orderly formal proof.

FIRST HINTS:
1-2) The first line of the proof is ”Given an open cover...” and write out what the open cover is.
You now must find a finite subcover.
3-4) You need to find an open cover which has no finite subcover. Draw the picture and try using
balls to cover the set.
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5) Do a proof by contrapositive. Show that if K has infinitely many points, then K is not compact.
Use the discrete metric to find an open cover with no subcover.
6) Do a proof by contrapositive: Show if K is not bounded then K is not compact. Use the
definition of not bounded to find an open cover for K with no subcover.
7) You have compactness this time and want to find a finite collection of balls, so cover K with
balls.
8) You start with an open cover and must select a finite subcover (similar to problems 1-2). Start
the selection first with the limit point x.
9) Assume on the contrary that K is not closed so there exists xj ∈ K such that xj → x∞ where
x∞ /∈ K.
10) We apply the Pigeonhole Principle: if there are only N holes and N + 1 pigeons, then one hole
must have at least to pigeons. If there are infinitely many pigeons, one hole must have infinitely
many pigeons. We can think of the holes as the points in the set and the pigeons as the terms in
the sequence.
11) Find a sequence diverging to infinity which is spaced out uniformly and prove it has no con-
verging subsequence because any subsequence would also diverge to infinity.
12) Find a sequence of points converging to a point on the edge of the ball.
13) Assume on the contrary K has infinitely many points and take a sequence of distinct points in
K.
14) Since K is not bounded, for all j ∈ N K is not a subset of Bp(j). So ∃pj ∈ K \Bp(j).
15) Assume it isn’t closed, so there exists xj ∈ K such that xj → x where x /∈ K.
16) There are many examples. X = Q with the metric d(x, y) = |x − y| has rational xj ∈ Q
converging to irrational

√
2. Another example is just to remove a single point from the Euclidean

plane, or take a disk in the Euclidean plane.
17) Apply problem 7, to get a finite number of balls of radius R and then apply the Pigeonhole
Principal to select a subsequence with infinitely many points in one ball of radius R.
18) Let xj be the Cauchy sequence. We want to imitate what we did in problem 9, but we don’t
have any limit point x∞ this time to refer to. So we can try taking balls of radius rz about each
z ∈ K of radius rz = limj→∞ d(xj , z). So we need to show this limit exists using the fact the
Cauchy sequences always converge in R. A fact which is not true on all metric spaces.
19) Use prior problems.
20c) So we have a sequentially compact set K covered by balls as in (a) with a uniform lower bound
on their radius, and we need to select a finite subcover. Take any ball to be the first ball, Bx1(rx1).
If this ball covers K we are done. If not take x2 ∈ K \ Bx2(rx1), and take our second ball to be
Bx2(rx2). If these balls cover K, we are done. Otherwise we inductively define xj+1 given x1, ...xj
such that

xj+1 ∈ K \
j⋃
i=1

Bxj (rxj ).

If at any point xj+1 does not exist, we are done. Otherwise we have a sequence xj ∈ K and can
apply sequential compactness to get a contradiction.
20d) We are given a covering by Uα such that α ∈ I, and we want to show that there exists r0 > 0
such that for all x ∈ K, ∃αx ∈ I such that Bx(r0) ⊂ Uαx . Assume on the contrary r0 > 0 does not
exist. So for all j > 0 there exists xj ∈ K such that for all α ∈ I Bx(1/j) is not a subset of Uα.
Now apply sequential compactness to xj .
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SECOND HINTS:
1) In this case there is only 1 point so, the subcover is just one open set which must exist that
covers that point by the definition of union.
2) This can most easily be done if you say K = {p1, ...pN} and then find a Uαi for each pi.
3) Show K ⊂

⋃
j∈ZB(j,0)(1). Then show that if you remove the jth ball then you miss (j, 0) ∈ K

so not a single ball can be removed from this cover, so definitely no finite subcover.
4) Show K ⊂

⋃
j∈NBp(R− 1/j). Then show that if you take only finitely many of these balls, you

miss a point. Be explicit which point it is that you miss using the properties of E2. On discrete
spaces, such points may not exist.
5) Use balls of radius 1/2...
6) Show K ⊂

⋃
j∈NBp(j). Show that if there is a subcover, then K must have been bounded, which

is a contradiction.
7) Show K ⊂

⋃
x∈K Bx(R). Then there is a finite subcover by the compactness.

8) Note that eventually xj are in the same open set covering x. So you only need to cover the first
N terms of the sequence, one by one with their own sets.
9) Show K ⊂

⋃
z∈K Bx(d(z, x∞)/2). Then there is a finite subcover by the compactness. Then K ⊂⋃N

i=1Bx(d(zi, x∞)/2). Let ε = min{d(zi, x∞)/2 : i = 1..N}. Now use xj → x∞ in combination
with this ε > 0 to reach a contradiction.
10) So select a subsequence which is just the same point repeating and prove that it converges to
that point.
11) Try xj = (j, 0) and prove this sequence has no converging subsequence because a converging
subsequence would have to eventually have points less than 1/2 apart and all these points are 1
apart.
12) Try xj = (0, R(1 − 1/j)) and prove this converges to x∞ = (0, R) outside of the ball. Any
subsequence must have the same limit outside of the ball.
13) Show that if a subsequence converged then there are at least two points closer than 1 apart
and show this contradicts the fact that the space is discrete.
14) Prove a lemma that if d(pj , p) ≥ j then no subsequence of pj can converge. This can be proven
by contradiction using the Triangle Inequality.
15) By sequential compactness a subsequence converges in K but subsequences always have the
same limits as sequences so x ∈ K.
16) Remember to write an explicit proof!!!! Look up the proof the

√
2 is irrational and that there

exists xj approaching the value.
17) Take R = 1/j → 0 and diagonalize the sequence so that all terms in the subsequence are in a
ball of radius 1, all terms after the first are in a ball of radius 1/2, all terms after the second are in
a ball of radius 1/3 and so on.
18) Then there is a finite subcover by compactness and take ε > 0 as in problem 9 and try to use
Cauchiness to find xj outside the finite subcover, to get a contradiction.
19) This is just problems 17 and 18.
20c) The contradiction lies in the fact that for i < j we have d(xj , xi) > rxi > r0 > 0 so how can a
subsequence converge?
20d) A subsequence of the xj converges to a point x ∈ K. There exists αx such that x ∈ Uαx

(why?). There exists rx > 0 such that Bx(rx) ⊂ Uαx (why?). Eventually xj ∈ Bx(rx/2) and
1/j < rx/2 (why?). So Bxj (1/j) ⊂ Bxj (rx/2) ⊂ Uαx (why?). This contradicts our choice of xj .
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