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BACKGROUND: Metric Spaces, Balls, Open Sets, Limits and Closures,

In this problem set each problem has hints appearing in the back.

DEFN: Given a set A in a metric space X, the boundary of A is

∂A = Cl(A) ∩ Cl(X \A)

PROBLEM 1a: Prove that x ∈ ∂A if and only if
∃aj ∈ A such that aj → x and ∃bj ∈ Cl(X \A) such that bj → x.

PROBLEM 1b: In particular ∂A = ∂(X \A).

PROBLEM 2: Prove that if X is Euclidean space

∂Bp(r) = {x : d(x, p) = r}.

PROBLEM 3: Prove that in Euclidean space the boundary of the single point set is itself:
∂{p} = {p}.

PROBLEM 4: Prove that if X is Euclidean space

∂Annp(r, R) = ∂Bp(r) ∩ ∂Bp(R).

PROBLEM 5: Prove that if X is a discrete metric space and A ⊂ X then ∂A = ∅.

PROBLEM 6: Prove that if B is a closed set, then ∂B ⊂ B.

PROBLEM 7: Prove that if U is an open set, then ∂U ∩ U = ∅.

PROBLEM 8: Prove that
∂(A ∪B) ⊂ (∂A) ∪ (∂B).

Is it equal?

PROBLEM 9: Prove or disprove that

∂(A ∩B) ⊂ (∂A) ∩ (∂B).

PROBLEM 10: Prove that

∂(A ∩B) ⊂ (∂A ∩ Cl(B)) ∪ (∂B ∩ Cl(A)).

Is it equal?
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HINTS:

Hint 0: Draw the picture

Hint 1: (1) This is exactly the definition of closure and intersection. (2) This proof has two parts.
(3) This proof has two parts. (4) First observe that by problem 2 the right hand side is just
the points x such that d(x, p) = r or = R. (5) Note that on discrete space Cl(A) = A. Why?
(6) Defn of closure, closed set and boundary. (7) Look over the open set project carefully. (8)
Draw overlapping balls in the Euclidean plane and their boundaries. (9) same drawing. (10) Same
drawing

Hint 2: (1) Remember this is iff so do both directions or iff between all statements in the proof.
(2) To show ⊂, take x ∈ ∂Bp(r) and use problem 1a to find aj and bj . (3) see hint for problem 2.
(4) Imitate the last two proofs but note that the complement of an annulus is a union, so you have
two cases (two types of bj). (5) On discrete space, Cl(X \ A) = X \ A. (6) Enough. (7) You may
wish to use X \ U is closed. (8) Use the definitions step by step being careful distributing unions
and closures correctly. (9) In this drawing the right hand set is just two points, but the right hand
side is the edge of a football shape. So we must disprove it. (10) Just follow through the definition
of boundary and onward.

Hint 3: (2) Find inequalities concerning d(aj , p) and d(bj , p) and take the limits. Notice we just
use metric spaces in this direction. (3) see hint for problem 2. (4) Enough (although the problem
isn’t short). (5) If you don’t like this direction, use problem 1. (7) Don’t forget problem 1b. (8)
Are they equal in your picture? (9) Prove the right hand set is exactly the two points for a specific
pair of balls.

Hint 4: (2) For ⊃, take x such that d(x, p) = r. Since x is in Euclidean space it should not be
hard to find aj , bj needed to apply problem 1. (3) See hint for problem 2. (5) On discrete space if
a sequence of points converges it must eventually repeat. Why? (7) enough. (8) You can see they
are not, so set up an explicit example and show there is a point in the right hand set which is not
in the lefthand set. (9) Prove the the left hand side has at least one more point.

Hint 5: (2) Try aj = p + hj(x − p) viewing x − p as a vector and hj as real numbers approaching
r/|x − p|. Be explicit. Similarly for bj . (3) try aj = x and bj as above. Be explicit. (5) enough.
(8) For example let A = B(0,0)(2) and B = B(0,3)(2), and prove that the point (0, 5) is on the right
hand set by problem 2 but not the left hand set by problem 1a. (9) You can use the exact same
pair of balls as in problem 8.
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