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AsstracT. In this article, we study the relationship between the wigak of a sequence
of integral currents in a metric space and the possible Haffdimit of the sequence of
supports. Due to cancellation, the weak limit is in genesgp®rted in a strict subset of the
Hausdoft limit. We exhibit suficient conditions in terms of topology of the supports which
ensure that no cancellation occurs and that the supporeofvéak limit agrees with the
Hausdoft limit of the supports. We use our results to prove countalfi&-rectifiability

of the Gromov-Hausddi limit of sequences of Lipschitz manifoldd,, all of which are
A-linearly locally contractible up to some scalg In the appendix, we show that the
Gromov-Hausddf limit need not be countably?7™M-rectifiable if theM,, have a common
local geometric contractibility function which is only cceve (and not linear). We also
relate our results to work of Cheeger-Colding on the limfta@ncollapsing sequences of
manifolds with nonnegative Ricci curvature.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

This article is concerned with the relationship between hetions of convergence,
Hausdoft convergence for sets on the one hand, and weak converger@atégral) cur-
rents on the other hand. These play an important role in pne®in metric and Riemann-
ian geometry and geometric measure theory, respectively.givé sifficient conditions
in terms of topology on the sets (supports of the currents)) gluarantee that these two
notions ‘agree’.

We work in the generality of metric spaces (for reasons thikthecome clear later).
In this setting, Ambrosio-Kirchheim have recently deveddpn [1] a powerful theory of
metric integral currents which extends the classical Fereleleming theory [5] from Eu-
clidean to (general) metric spacgsForm > 0, the space of metric integnatcurrents irz
is denoted by, (2). Similarly to the classical theory, elemeiits | (Z) are ‘functionals’
(on suitably generalizeth-forms onZ) satisfying certain properties. As in the classical
theory, there is a notion of mad¥,(T), an associated measufd,||, and, for dimension
m > 1, a notion of boundaryiT, which is an element df,,-1(Z). The support oT is the
closed set

sSptT :={ze Z: ||T||(B(z €)) > O foralle > 0},

where B(z ¢) denotes the open ball of radigscentered az. Weak convergence is
defined as pointwise convergence, as in the classical thdargonverges weakly td
if To(fdr) — T(fdn) for every Lipschitzm-form fdzr on Z. We refer to Section 2 for
definitions and details concerning integral currents.

We now turn to the relationship between weak convergencheoTt and Hausddf
convergence of the sets §pt For the definition of Hausdéirconvergence of sets we refer
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2 C. SORMANI AND S. WENGER

to Section 2.1. We say that() c 1(2) is a bounded sequence if
sugM (Tn) + M (0T)] < co.
n

It is well-known, see e.g. Lemma 2.7, thaflif converges weakly to somk € |,(Z) and
the sequence (spt) converges in the Hausdbsense to a closed subsét Z then

sptT ¢ X.

The inclusion may be strict as the simple Examples 6.1 — tu8tihte. Strict inclusion
is sometimes referred to as ‘cancellation’, see Sectiom@ut first two theorems below
we show that under suitable restrictions on the local togpptaf sptT,, cancellation cannot
occur, thus spt = X. This is then used to prove metric structure results for thent®v-
Hausdoff limit of sequences of Riemannian manifolds which are umifigrinearly locally
contractible up to some scale and sequences of noncoligpsémannian manifolds of
nonnegative Ricci curvature.

We turn to the precise statements of our results and first teegfollowing definition.

Definition 1.1. Given a metric space Y antl> 1, a subset Ac Y is called-linearly
locally contractible in Y if, for all a¢ A and r> 0, An B(a, r) is contractible inB(a, Ar).
Given m> 0, a subset Ac Y is calledA-linearly locally m-connected in Y if, for every
ke {0,...,m} allae Aandr> 0, every continuous map f Sk — Y with image in
An B(a,r) has a continuous extensidn: B! — Y with image inB(a, Ar). If for some

ro > 0, every p-ball in Y is A-linearly locally contractible (m-connected) in Y then Y is
called A-linearly locally contractible (m-connected) up to scage r

Here,S* andB**! denote the unit-sphere and the closed unit ballik*?, respectively.
We will also need the following definition, taken from [15].

Definition 1.2. A metric space Y is Lipschitz m-connected in the small ifetlesist con-
stantsy > 0 ands > O such that for every k {0, ..., m}, everyv-Lipschitz map f. Sk — Y
with v < ¢ has ayv-Lipschitz extensiori : B*1 — Y.

Clearly, every compact Riemanniarmanifold is Lipschitzm-connected in the small
for everym; the same is true for every compact metric space locallypsithitz homeo-
morphic to an open set iR".

In its most general form, the main result of our paper can &iedtas follows. (For the
convenience of the geometrically minded reader, we willide versions for Riemanian
manifolds of all our theorems in the corollaries below.)

Theorem 1.3. Let Z be a complete metric space,m1, and(T,) c In(Z) a bounded
sequence of integral currents weakly converging to some T,(Z). Suppose that the
supportsptT, of each T, is compact, Lipschitz m-connected in the small, and has tdaga
dimension< m. Let furthermore £ Z anda > 1, r > 0. If there exists a sequence 2 z
with z, € sptT, and such that B, r) N sptdT, = 0 and Bz, r) n sptT, is A-linearly
locally m-connected isptT, for all n large enough, then

(1) ITI(B(z 9)) > CA™™™Dg"  forall 0 < s< 27 (M6 =ML

for some C> 0 depending only on m. In particular,ezsptT and||T|| has strictly positive
lower m-dimensional density at z.

For the definition and properties of the Nagata dimensiso(ehlled Assouad-Nagata
dimension in the literature) we refer to Section 2.1 and &].[1Ve mention here that the
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Nagata dimension of a metric space is always at least itddgal dimension. Further-
more, the Nagata dimension of any compaetlimensional Riemannian manifold is.
This is more generally true of any compact metric space lpb@ameomorphic to an open
subset ofR™. Thus, Theorem 1.3 implies:

Corollary 1.4. Let (My) be a sequence of compact oriented m-dimensional Riemannian
manifolds with uniformly bounded volume and volume of bamdLet p, € M, and
suppose that for some> 1 and r > 0 and each n, the ball B (pn, r) is A-linearly locally
contractible in M, and does not interseéM,,. Suppose further that Z is a metric space
and ¢, : M, — Z are isometric embeddings. ¢f,(p,) converges to some z and if the
sequence of currents, T= gnpz[Mn] weakly converges to someeTl (Z) then

ITI(B(z 9)) > CA™™™Dg"  forall 0 < s< 27 (M6 =M1y

for some C> 0 depending only on m. In particular,ezsptT and||T|| has strictly positive
lower m-dimensional density at z.

For the definition of M see (4). The ternsometricin the corollary means distance
preserving (wherM, is viewed as a metric space). Throughout this paper we assume
manifolds to be connected. In Example 5.3 we show that thetingsis in Theorem 1.3 that
SptT, has Nagata dimensiegnmcannot be replaced Bym+1, even wheiZ = R™1. Note
also that in Theorem 1.3 the constants appearing in Definitia for spfT,, are allowed to
‘degenerate’ ag — oo.

Theorem 1.3 can be used to prove the following result:

Theorem 1.5. Let Z be a complete metric space, 1, and(T,) c In(Z) a bounded
sequence of integral currents weakly converging to sorad §(Z), with 9T, = O for all n.
Suppose that the supp@ptT, of each T, is compact, Lipschitz m-connected in the small,
and has Nagata dimension m. If for somel > 1 and r > 0, sptT, is A-linearly locally
m-connected up to scale r for all n large enough, tisptiT, converges in the Hausdgr
sense teptT and

() ITI(B(z 9) > CA™™ g™

forall z € sptT ando < s < 2-(™®) =M1y \where C> 0 depends only on m. In particular,
SptT is countably#™-rectifiable.

We refer to Section 2.2 for the definition of countabi#™-rectifiability. Note that
the support of an arbitrary integral curréhin Z need not be countably”™-rectifiable;
indeed ifZ is for exampleZ is a separable Banach space then an integral cufrémiZ
can have spt = Z. Clearly, (2) implies thafT|| has strictly positive lowem-dimensional
density at every poir € sptT. The last claim in the theorem follows from this together
with Theorem 4.6 in [1]. Theorem 1.5 clearly implies the daling (also compare with
Corollary 1.8):

Corollary 1.6. Let (M) be a sequence of closed oriented m-dimensional Riemannian
manifolds with uniformly bounded volume and such that farsd> 1andr > 0, each M,

is A-linearly locally contractible up to scale r. Suppose fugthhat Z is a metric space and
¢n: My — Z are isometric embeddings. If the sequence of currents: Tonu[Mn]] weakly
converges to some & | (Z) thenepy (M) Hausdoyf converges teptT. Furthermorg|T||

has strictly positive lower m-dimensional density at ewssysptT and, in particularsptT

is countablyzZ’M-rectifiable.
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A slightly more general form of Theorem 1.5 will be discusge®emark 5.5. In Sec-
tion 7 we will moreover prove an analog of Theorem 1.5 for sempes of oriented closed
Riemannian manifolds with nonnegative Ricci curvaturehvei uniform upper bound on
diameter and strictly positive lower bound on volume. As alvknown, such sequences
admit an isometric embedding into some compact metric spadetherein give rise to
a sequence of integral currents. However, they do not gati& hypotheses of Theo-
rem 1.5 in general, see Section 7 for details and refererdesertheless, Theorem 7.1
shows that the support of the weak limit is countal#§/"-rectifiable and coincides with
the (Gromov-)Hausddi limit of the sequence. Countahlg’™-rectifiability was proved
before by Cheeger-Colding in [3]; Theorem 7.1 gives a newgestive of this fact.

Theorem 1.3 can be used to prove the following theorem whiagensent does not
involve any currents.

Theorem 1.7. Let m> 1 and let(X,) be a sequence of compact metric spaces such that
each X is locally biLipschitz homeomorphic to the open unit batt BR™. Suppose further
that each X is orientable and that the yhave uniformly bounded diameter and Haugglor
m-measure. If there exigt> 1 and r > 0 such that X is A-linearly locally contractible

up to scale r for all n large enough, then there exists a subsege X, which converges

in the Gromov-Hausdgfsense to a compact and countab#/™-rectifiable space X with

0 < Z™M(X) < 0.

Here, X, orientablemeans that there exist finitely many biLipschitz maps B — X,
such that the sets (B) coverX, and such that deW((goi_l o ¢j)) > 0 almost everywhere on
<p171(<,oi(B)). As a simple consequence we obtain the following result.

Corollary 1.8. Let(M,) be a sequence of closed, orientable m-dimensional Riermaanni
manifolds of uniformly bounded volume. If there exist 1 and r > 0 such that M

is A-linearly locally contractible up to scale r for all n largeneugh, then there exists

a subsequencgMy,) which converges in the Gromov-Hausgfaense to a compact and

countably.7#™M-rectifiable metric space X with < s#™(X) < .

Note that no diameter bound is assumed in the corollary. Xistemce of a Gromov-
Hausdoff limit in Corollary 1.8 was already proved by Greene-Peteisg7] under the
following weaker conditions: Let > 0 and leto : [0,r) — [0,) be a continuous
function withp(0) = 0 ando(s) > sfor all s € [0,r). Thenp is called a local geometric
contractibility function for a given metric spacéif for everyz € X and everys € (0,r)
the ballB(z s) is contractible inB(z o(s)). It is shown in [7] that a sequence of closed
m-dimensional Riemannian manifolds with a uniform uppertimbon volume and such
thato is a local geometric contractibility function for eveM, then a subsequendé,
converges in the Gromov-Haus¢itsense to a compact metric spateTheir proof relies
on a lower bound — proved in [7] using an argument similar te giwen by Gromov in [9]

— for the filling radius of (smooth approximations to) distarspheres in such Riemannian
manifolds. In Theorem 4.1 we prove a generalization of thiding radius estimate using
a different approach and use it in the proof of our main theoreme bt our assumption
in Corollary 1.8 is that allM,, have local geometric contractibility functias{s) = As.

In the appendix of the present paper, Raanan Schul and tbadeacithor show that if
in Corollary 1.8 the condition on-linear localm-connectedness is replaced by uniform
geometric contractibility, then the Gromov-Hausfiimit X need not be countably™-
rectifiable. If, in addition, no uniform bound on volume isamed, theiM, can converge
to an infinite dimensional space, as was shown by Ferry-Ok{® i
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Our initial motivation for studying the relationship betmreHausddf convergence and
weak convergence originates from the article [21] in whi@hfisst introduced and studied
a new distance, called flat intrinsic distance, between @mtngriented Riemannian mani-
folds. Roughly, the flat intrinsic distance betwddrandM’ is the infimal flat distance that
can be achieved by isometrically embeddMgand M’ in a metric spac&. Flat intrin-
sic convergence of a sequence of Riemannian manifolds thenats to flat convergence
in a suitable metric space into which the sequence isoradifriembeds. It is natural to
ask what the relationship between the flat intrinsic and Grnetdausdoff convergenceis.
Since flat convergence implies weak convergence, our seahtive can be interpreted as
giving suficient conditions which ensure that a Gromov-Hauffdionit coincides with the
flat intrinsic limit, see [21] and also Remark 5.5 of the prageper.

The paper is organized as follows. Section 2 provides magtl-known definitions
and facts used throughout the paper. Proposition 2.3 ishemever, and due to U. Lang.
It provides a relationship between Hausi@nd Nagata dimension for subset®ihand
is used in the proof of Theorem 4.1. In Section 3 we prove adhjs extension theorem,
Theorem 3.4, which is a variant of a result of Lang-Schlichaier [15]. In Section 4
we use this theorem to exhibit lower bounds for the absoliltegfiradius of slices with
spheres of integral currents, generalizing a theorem in Fgction 5 is devoted to the
proofs of the results stated in the introduction. In Seciome show that the (Gromov-)
Hausdoff limit of sequences of Riemannian manifolds with nonnegalcci curvature
agrees with the support of the weak limit and is counta#f{f'-rectifiable. The content of
the appendix was discussed above.

Acknowledgments:We wish to thank Urs Lang for communicating Proposition 218 a
its proof to us. Some of the results in this paper were obthivigle the second author was
a Courant Instructor at New York University’s Courant Ihg of Mathematical Sciences
and the first author was visiting Courant Institute. Theyhasthank Courant Institute for
the superb working environment.

2. PRELIMINARIES

2.1. Hausdorff and Gromov-Hausdorff distance, Nagata dimension.Let (Z,d) be a
metric space and, B c Z closed. The Hausdfirdistance betweeA andBin Z is

du(A,B) :=inf{e >0:Ac U.B)andB c U.(A)},

whereU,.(B) denotes the opestneighborhood oB. It is clear thatdy is symmetric and
satisfies the triangle inequality. df; (A, B) = 0 thenA = B.

Definition 2.1. A sequencéA,) of closed subsets of Z is said to converge in the Haygdor
sense to a closed subsetAZ if d4(An, A) » 0as n— .

If X andY are metric spaces then the Gromov-Haufidtistance betweeK andY is
den(X,Y) = inf {dy (ex(X), tv(Y)) : Z metric spaceyy : X < Z, 1y : Y < Zisometrig .

A sequence of complete metric spa¢gss said to converge in the Gromov-Hausfiior
sense to a complete metric spa¢ée dgy(Xn, X) — 0 asn — oo. By Gromov’s famous
compactness theorem for metric spaces, see [8], everyrafifcompact sequencey)
of metric spaces admits an isometric embedding into a contoorpact metric spaca.

It follows that a subsequencé, converges in the Gromov-Hausdosense to a compact
metric space, in fact to a closed subseZofHere, a sequenceX{) of compact metric
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spacesX, is called uniformly compact if sup diaX, < o and if for everye > 0 there
existsN(g) such that ever¥, can be covered by at mos{¢) balls of radiuse.

We turn to the definition and properties of the Assouad-Nadahension for a metric
spaceY. For a detailed account we refer to [15]. A famiB;)i; of subsets of is called
D-bounded if dianB; < D for alli € I. Fors > 0, thes-multiplicity of the family is the
infimum of allk > 0 such that every subset &f with diameter< s intersects at mogt
members of the family.

Definition 2.2. The (Assouad-)Nagata dimension of a metric space Y is thaunfiof
all integers n with the following properties: there exists@stant c> 0 such that for all
s> 0, Y has a cs-bounded covering with s-multiplicity at mostin

It can be shown that the Nagata dimensiorya$ at least its topological dimension. If
Y = Y1 U Y, then the Nagata dimension ¥fis the maximum of the Nagata dimensions
of Y1 andY,. Every subset oR" with nonempty interior has Nagata dimensienThe
Nagata dimension is invariant under biLipschitz homeorhms. It thus follows that
every compact metric space locally biLipschitz homeomarpd an open subset @"
has Nagata dimensian In particular, every compact Riemanniagamanifold has Nagata
dimensiom. For proofs of all these statements and many more propegi§l5].

In the proof of Theorem 4.1 we will need the following progmsi whose statement
and proof below are due to U. Lang [14].

Proposition 2.3. Suppose X R" has Nagata dimension ran (m> 0, n > 1). Then X is
uniformly porous; in particular, the Hausdgidimension of X is strictly less than n.

For the definition of Hausdé@irdimension see Section 2.2; for the notion of porous sets
and the last assertion in the above proposition, see e.mttioeuction of [19].

Proof. There exists a constant> 0 such that for everg > 0, X admits acsbounded
covering of the formB = i, Bk, Where each familyB, hass-multiplicity 1 (cf. [15,
Proposition 2.5(4)]). Les > 0. Putb := s/(2+/n) and letN be the smallest integer such
thatl := Nb > cs+ 2b. LetD c R" be a closed cube of edge lendttand consider the
subdivisionC into N" closed cubes of edge length We claim that at least on€ € C

is disjoint fromX. Otherwise we can associate to e&le C a colork(C) € {0,...,m},
meaning thaC intersects a member of the famiBc,. For fixedk, consider the connected
components of the union of &t € C with k(C) = k. Suppose that one such component
of colork, L, intersects two opposite faces Bf ThenL contains two cube€,C’ € C
with d(C,C’) > cs sothatC N B # 0 # C’' n B’ for two distinct member8, B’ of By.
SinceL is connected, we can also cho@€’ with this last property such th&nC’ # 0.
Then diamC U C’) < s, which contradicts the fact tha#, hass-multiplicity 1. This
shows that no connected component connects two opposés t#®. By Lebesgue’s
Covering Theorem (cf. [11, p. 42]), among the connected anrapts of all colors we find
n+ 1 with a common point. Since there are onty+ 1 < n + 1 different colors, this is a
contradiction. Hence, at least o8ec C is disjoint fromX. This holds for everyg > 0, and

N is independent o§. SoX is uniformly porous. O

2.2. Hausdorff measure and countablesz™-rectifiability. LetZ be a metric space and
A c Z. The Hausddf m-dimensional measure éfis

AR = liminf {i wm(diar;(Bi))m "Bc O B, diam@®) < 5},
i=1 i=1
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wherewn, denotes the Lebesgue measure of the unit b&l"inForZ = R™, 5™ agrees
with the Lebesgue measure. The Hau#doreasures#’s can also be defined for non-
integer numbers by replacing the powem in the above definition by and wny, by a
suitable positive numbeabs, see for example [12]. The Haudbdimension ofA is the
infimum over alls > 0 such thatz#’S(A) = 0.

Definition 2.4. An J#™-measurable set & Z is said to be countablyz™-rectifiable if
there exist countably many Lipschitz mapsB; — Z from subsets;B- R™ such that

A™ (A U fi(B)) = 0.

Finally, them-dimensional lower densit®.m(u, X) of a finite Borel measurgonZ at a
pointzis given by the formula

g H(B(ZT))
O.m(u, 2) = Ilrrn\|51f o™

2.3. Currents in metric spaces. We recall the basic definitions from the theory of cur-
rents which we need in this paper. The general referencé.is [1

Let (Z, d) be a complete metric space amd> 0 and letD™(Z) be the set ofre + 1)-
tuples (f, 71, ...,mm) of Lipschitz functions orZ with f bounded. Sometimes, we write
the short-hand dr for (f, 71,...,mm). The Lipschitz constant of a Lipschitz functidron
Z will be denoted by Lipf).

Definition 2.5. An m-dimensional metric current T on Z is a multi-linear ftional on
PM(2) satisfying the following properties:
@i If nij converges pointwise tq as j — co and ifsup Lip(nij) < oo then

T(fal, o) — T(fome, .. 7).
(i) If{ze Z: f(2) # O} is contained in the uniot{"; B; of Borel sets Band if zj is
constant on Bthen
T(f,71,...,mm) =0.
(iif) There exists a finite Borel measw®n Z such that

©) (sl < | [ i) [ 11
i=1

for all (f, 71, ..., 1) € D"(2).

The space ofn-dimensional metric currents ahis denoted by (Z) and the minimal
Borel measurg: satisfying (3) is called mass df and written ag(T||. We also call mass
of T the numbef|T||(Z) which we denote b (T). The support ofl is, by definition, the
closed set spt of pointsz € Z such that|T||(B(z r)) > O forallr > 0.

Every functiond € LY(K,R) with K ¢ R™ Borel measurable induces an element of
Mm(R™) by

o
[01(f, w1, ... tm) = j; of det(a—X;
forall (f,71,...,mm) € D(RM).

The restriction off € M(Z) to a Borel sefA c Z is given by

(TLA(f,m,...,mm) = T(fxa 71, ..., Tm).

Jazn
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This expression is well-defined sinTecan be extended to a functional on tuples for which
the first argument lies ih*(Z, |[T||). It can be shown thak(f, 1, . .., 7m) only depends on
the values off, rq, ..., mm on spfT.

If m> 1 andT € M (2Z) then the boundary ofF is the functional

6T(f,71’1,. . -,7Tn’kl) = T(l, f,7T1,. . .,ﬂw]_).

Itis clear tha®)T satisfies conditions (i) and (i) in the above definitiond T also satisfies
(iii) then T is called a normal current. By convention, element$/g{Z) are also called
normal currents.

The push-forward o € M(Z) under a Lipschitz map from Z to another complete
metric spacé is given by

esT (9,71, ---,Tm) = T(Qo @, T10¢,...,TmO @)

for (g, 71,...,7k) € D(Y). This defines am-dimensional metric current ov. It follows
directly from the definitions thal(¢sT) = p#(0T).

Definition 2.6. A sequencéT,) in M (2) is said to converge weakly to d M (2) if
To(f, e, .. oymm) = T(F, e, ..., )
forall (f,n,...,7m) € D™(Z).

In this article we will exclusively work with integral cumés, defined below: An ele-
mentT € Mo(2) is called integer rectifiable if there exist finitely manyiqts xy, ..., X, €
X andby, ..., 6, € Z\{0} such that

T(f) =) 6f(x)
i=1

for all bounded Lipschitz functions.
A currentT € M(Z2) with m > 1 is said to be integer rectifiable if the following
properties hold:

(i) IT|l is concentrated on a countably’™-rectifiable set and vanishes o#’™-
negligible Borel sets.
(i) For any Lipschitz mapy : Z — R™ and any open sél c Z there exist9) €
LY(R™M, Z) such thatp(T L U) = [4].
Integer rectifiable normal currents are called integratents. The corresponding space
is denoted by (Z2). If A c R™is a Borel set of finite measure and finite perimeter then
[xa] € Im(R™). Here,xa denotes the characteristic functionTlfe | n(Z) andifo : Z —» Y
is a Lipschitz map into another complete metric space than € I(Y). If Z = R"
then there is a natural isometric isomorphism between theespf compactly supported
Ambrosio-Kirchheim integral (integer rectifiabl@)-currents and the space of Federer-
Fleming integral (integer rectifiabl@}-currents inkR", see [1].
Given a Riemannian manifold and an orientedr-dimensional submanifolt¥ of N,
possibly with boundary. Let = 71 A --- A T, be the orientation oM, where{rs, ..., Tm}
is anm-tuple of orthonormal vector fields. Nl has finite volume and finite volume of the
boundary then it gives rise to an integral currpvif € 1,,(N) by

4) [IM](f, 1, ... tm) 1= f f(dry A - A dr, T)dIZT
M

forall (f,71,...,mm) € D™(N). By definition,
(dry A -+ A dr, 7)(2) 2= det(domi(7(2))
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for all z € M at which eachr; is differentiable (which is forz#™M-almost everyz by
Rademacher’s theorem). Note th&t™ L M agrees with the Riemannian volume bh

We conclude this section with the following easy result.

Lemma 2.7. Let (Tm) C Im(Z) be a bounded sequence converging weakly to some T
Im(Z). ThensptT is contained in the set of pointszZ for which there exists a sequence
Z, converging to z withze sptT, for all n large enough. In particular, ifsptT,) converges
in the Hausdoff sense to a closed subsetXZ thensptT c X.

Proof. Letz e sptT ande > 0. Sincd|T||(B(z /2)) > 0, there exisf, x1, ..., 7m € LIip(Z)
such that spt c B(z ¢) andT(f, x1,...,mm) # 0. It follows thatT(f, 7y, ...,7m) # O for
nlarge enough and we thus conclude from Proposition 2.7 ith@f]| T,||(B(z €)) > 0 and
sptT, N B(z &) # 0. O

3. A LIPSCHITZ EXTENSION THEOREM

The main purpose of this section is to prove Theorem 3.4, sdhippz extension theorem
which will be needed in the proof of Theorem 1.3. The resulthis section are variants
of results of Lang-Schlichenmaier in [15] and our proofsehfetlow closely those in [15].

Definition 3.1. Let Y be a metric space,n 0, ando > 1. A subset Ac Y will be called
o-linearly locally weakly Lipschitz n-connected in Y if faregy v’ > 0O there existy > 0
such that for all ke {0,1,...,n}, alla € A and r> 0, everyy-Lipschitz map f: Sk — Y
with v > v and image in A B(a, r) has ayv-Lipschitz extensiofi : B2 — Y with image
in B(a, or).

The following proposition is a variation of Theorem 5.1 irb]1

Proposition 3.2. Let Y be a compact metric spage> 1, ro > 0, and n> 0. Suppose
that Y is Lipschitz n-connected in the small. If a bBfljo, ro) in Y iso-linearly locally
n-connected in Y theB(yo, ro) is (20)-linearly locally weakly Lipschitz n-connected.

Up to a minor adjustment, the proof is the same as that in [LBhnsists of three parts,
only the first of which needs modifying.

Proof. SinceY is Lipschitzn-connected in the small, there ex#ty’ > 0 such that for
alll € {0,...,n} everys-Lipschitz mapy : 9[0, 1]"** — Y with § < ¢ has ay’s-Lipschitz
extension to [01]'*1. Fix | € {0,...,n} and putD := [0,1]*. Letf : 4D — Y be a
A-Lipschitz map with image iB(y, r) N B(Yo, o) for somey € B(yg, ro) and some < 2rq.
We show thaf has a Lipschitz extensioh: D — Y with image inB(y, %gr). For this, pick
a continuous extensiam: D — Y of f with image inB(y, or). This is possible because
B(yo, I'o) is o-linearly locally n-connected. Let > 0 be small enough, to be determined
later. EquipD with the structure of a piecewise Euclidean polyhedral demphose 0-
skeletorD©@ is DN ((1/N)Z)"* and whosel( 1)-cells are cubes of edge lengtiNL where
N > 2 is chosen large enough so that ¢N and diang(C) < ¢ for every ( + 1)-cellC of
D. Fork = 0,...,n, we successively find extensiof® : 9D u D& — Y of f such that
f(,¢ is (2y")*eN-Lipschitz on everyK + 1)-cellC not contained idD and such that

£ (6D U D(k)) c E_S(y,gr + 2718’}//7'('())
wherer(K) = (2277’,):1. Fork = 0, the extensiorf© := g|;p,po Satisfies these properties.
Now, suppose that for a givdg f® is an extension with these properties. (e < ¢




10 C. SORMANI AND S. WENGER

then there exists an extensiéi* : 9DUDK D) — Y of f such thatf V| isy’(2y")eN-
Lipschitz for every k + 1)-cellC. In particular,f &*1D(C) is contained in the 2y’ (2y’)Ke-
neighborhood off ®(AC). If k + 1 < I, it follows that for every k + 2)-cellC’ that is not
contained indD, f®&D), is (2y)1eN-Lipschitz. If ¢ > 0 is chosen dficiently small

so that, in particulay’r(I + 1) < or, this iterative procedure gives the desired extension
f := f(+1 of f. This proves the first part. The second and third parts of thefare the
same as in [15]. O

The next theorem is an adjustment of Theorem 5.2 in [15] tosatting. We will
indicate below the changes one has to make in Lang-Schiichiem’s proof to obtain our
theorem.

Theorem 3.3. Let X and Y be metric spaces, andde3 > 0 and n> 1. Suppose that
Z c X is a nonempty closed set a(i)ic; is a covering of XZ by subsets of ¥ such
that

(i) diamB; < ad(B;, Z) for every i< |,

(i) everyset Dc X\Z withdiamD < pd(D, Z) meets at most+1 members ofB))ic; .
Suppose that Y is Lipschif@ — 1)-connected in the small and thﬁ(yo, ro)isaballinyY
which isp-linearly locally weakly Lipschit¢gn — 1)-connected in Y. Then for all> 1 and
O<r< lf—sign everyA-Lipschitz map f: Z — Y with image inB(yo, ro/2) has a Lipschitz
extensionf : U;(Z) — Y with image in Y (f(Z)) where f = 810"r.

Here, U;(Z) denotes the openneighborhood o in X. If Z has Nagata dimension
< n -1 then a coveringR)ic; of X\Z satisfying the properties in the above theorem is
constructed in the proof of Theorem 1.6 in [15]. Therefore obtain the following result.

Theorem 3.4. Let X and Y be metric spaces, letnl, o > 1, and p > 0. Suppose that
Z c X is a nonempty closed set of Nagata dimensiom— 1. Suppose further that Y is
Lipschitz(n — 1)-connected in the small and thBfyo, ro) is a ball in Y which ip-linearly
locally weakly LipschitZn — 1)-connected in Y. Then for evety> 1 and0 < r < ﬁ"gn,
every A-Lipschitz map f: Z — Y with image inB(yo, ro/2) has a Lipschitz extension
f: U (2) — Y with image in Y (f(2)) where ¥ = 810"r.

Proof of Theorem 3.3The proof follows that of Theorem 5.2 in [15]. We need to make
several modifications, however. Lét: Z — Y be aA-Lipschitz map with image in
B(y, ro/2). Sets := B/(2(8 + 1)) and, for each € 1, leto : X\Z — R be the 1-Lipschitz
function defined by
oi(X) := max0, 6d(B;, Z) — d(x, Bi)}.

It can then be shown (see [15]) that for every X\Z, there are at most+ 1 indicesi € |
such thatri(x) > 0. Now definer = 3, o7 and note that- > 0 on X\Z becauseR,)ic|
coversX\Z. Now defineg : X\Z — 13(1) by

i(x)

O—(X) i€l
and note that the image dflies in then-skeleton=™ of the simplexZ := {(Vi)ic : Vi >
0, Y Vi = 1} c 13(1). For evenyi € |, choose a poirt; € Z such that

d(z, B) < (2-6)d(B;, 2).

Leth© : 2@ — Y be the map defined by?(g) := f(z), whereg is thei-th vertex of.
So far, the proof was exactly the same as the one in [15].
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Now, letS be the subcomplex df consisting of those simplices/,...,g,] C >® for
which there existx € U;(Z) with o,(X) > 0 for everyj = 0,...,k. Note that actually
g(U:(2)\2) lies in . Denote byh©@ again the restriction ta©® of the maph© defined
above. Since is Lipschitz fi—1)-connected in the small there exist constahts (0, 1/2)
andy’ > 1 such that for alk € {0, ...,n — 1}, everyy-Lipschitz mapp : A1 — Y with
v < ¢ has ay’v-Lipschitz extensionp = A¥1 — Y. Sety’ := ¢’y'"Imin{r, 1} and choose
v > 1 such that for alk € {0,...,n -1}, everyr-Lipschitz mapy : AN — Y with
v >V and image irB(y, s) N B(yo, o) for somey € B(yo, ro) ands < 2rq has ayv-Lipschitz
extensiony : A1 — Y with image inB(y, 05). This is possible becaus&yo, ro) is o-
linearly locally weakly Lipschitzif— 1)-connected. Next, let][, g] c =@ be a 1-simplex.
There then exists € U, (2Z) with o(x) > 0 andoj(x) > 0 and thus

d(z,z) < d(z, B) + d(Bi, X) + d(x, B;j) + d(Bj, z))
< d(z, By + 6d(B;, Z) + 6d(Bj, Z) + d(Bj, z))
< 2[d(B;, Z) + d(Bj, 2)]
< 8r.

The last inequality follows from the fact that
d(Z, B)) < d(Z x) + d(x, Bj) < r + 6d(By, 2)

and that (1- 6)* < 2. It follows thatd(h©(e), h®(e;)) < Ad(z,z) < 8rd. Form =
0,1,...,n— 1, successively exterff™ to h(™1 : £™1 _, ¥ as follows. LetS c S(M1)
be an (n + 1)-simplex and suppose tha{"”(4S) is contained in the &™r-ball around
hM(e) = f(z) for someg € S©. (Note that this is the case fan = 0.) We distinguish
two cases: If Lip™|5s) < v thenh(™| s has ay’ Lip(h™|;5)-Lipschitz extensiom(™ 3]s
to S. In particularh™3(S) is contained in the-ball arounch(M(g). If, on the other hand,
Lip(h™|,s) > v thenh™| 5 has ay Lip(h(™|;s)-Lipschitz extensioh(™D|s to S with
image in the 80™r-ball arounch™(g) = f(z). We seth := h® : £ — Y and note that
his Lipschitz on every simple$ of ™ with Lipschitz constant

C, diamh(S©)

V2
for some constar®; depending om, 4, v, y’, &, o, andn. Furth_ermoreh(i) is contained
in U/ (f(2)) with r’ = 810"r. Finally, we define the extensioh: U,;(Z) — Y of f such

thatf = hogonU,(2). The Lipschitz property of follows now exactly as in [15] after
(5.6). This completes the proof of our theorem. O

Llp(h|s) <C Lip(h|s(0)) =

4. HLLING RADIUS ESTIMATES AND LINEAR LOCAL MFCONNECTEDNESS

Before stating the main result of this section we recall thigam of filling radius (first
introduced and studied by Gromov in [9]). L&tbe a complete metric space andIf{z)
be the Banach space of bounded functionZ aith the supremum norm. Fizg € Z. Then
the map : Z — [1*(2) given by«(2) := d(z -) — d(z, -) defines an isometric embedding,
called Kuratowski embedding. Let now > O and letT € Iy(Z) be an integral current.
The absolute filling radius of is

Fillrad.(T) = inf{e > 0 : AS € I n,1(17(2)) with dS = 4T and spS c U.(«(sptT))},

whereU,(«(sptT)) denotes the opesrneighborhood of(sptT) in I1*°(Z). It is not difficult
to see that Fillrad(T) remains unchangedlif (2) is replaced by any other injective metric
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spaceZ’ into which spfl isometrically embeds. This justifies the word “absolutdirfg
radius. The main theorem of the present section is:

Theorem 4.1. Let Z be a complete metric space ancbni. Let T € | n(Z) and suppose
SptT is compact, Lipschitz m-connected in the small, and hasitdadjmensiorx m. Let
z € sptT and suppose that for some> 1 and rp > 0 the ball B(z ro) N sptT is A-linearly
locally m-connected isptT. Then
. — r
Fillrad.(0(T L B(z 1))) > W
for almost every & |0, min{2-(™®1-MDro, d(z sptaT)}|.

In particular, it follows that

— . — rm
[ITI(B(x,r)) = Fillvol (6(T L B(z 1))) > By
for someC’ > 0 depending only om, see [9] or [1], [22].

In the setting of Riemannian manifolds, Theorem 4.1 wasrdisdly proved by Greene-
Petersenin [7]. Indeed, I&1 be anm-dimensional Riemannian manifolde M, and letf,
be smooth approximations of the distance functiomdo M. Then for almost every the
subseB,(r) := {f. < r} has smooth boundary. Greene-Petersen use an extensiomegtgu
similar to the one in the proof of Gromov's Lemma 1.2.B in [8]ghow that ifM has a
local geometric contractibility functiop : [0,@) — [0, o) thendB,(r) has filling radius
bounded below by a functiort = r’(o,r). If o is linear as in our case theh > ér. Their
result can thus be used to obtain Theorem 4.1 in the spedaltbat spT is isometric to
a Riemannian manifold. Our proof for the general case usesglfor integral currents
instead of smoothing and the Lipschitz extension theoreom Section 3 instead of the
extension argument used in [7].

Proof. Throughout the proof we vie® as a subset oX := 1°(2). Let
0<r < min{2- ™81~ (MDr o d(z sptaT)}

be such thafl’ := d(T L B(zr)) is an integral current with support i8(z r) N sptT,
whereS(z r) denotes the metric sphere. By the slicing theorem [1, Témasr5.6 and
5.7] this is the case for almost every Suppose, by contradiction, that Fillca@@”) <
Ar whereA = 8(2/1—]5"”1' We will first construct an integral curre® with S’ = T’ as
follows. If T” = O then seS’ := 0. If T” # 0 then choos& e |(X) with S = T’ and
sptS c U.(S(zr)) c X for somee < Ar. Note that spT’ is a nonempty closed subset
of sptT of Nagata dimension at most Furthermore, spl is Lipschitzm-connected in
the small andB(z ro) N sptT is A-linearly locally m-connected in spk. Therefore, by
Proposition 3.2B(z ro) N sptT is 21-linearly locally weakly Lipschitzn-connected in
sSptT. Let f : sptT’ — sptT be the inclusion map. By Theorem 3.4, there thus exists a
Lipschitz extensiorf : U.(S(zr)) — sptT of f with image inUgym1.(S(z 1)) N sptT.
Finally, setS’ := f4+S and note tha#S’ = T’. This completes the construction 8f. It is
now clear that in either case

(5) SptS’ € Ugym1,(S(z 1)) N sptT.
Since 8(2)™e < r and since € sptT, it thus follows with (5) thal” := TLB(z1)-S #

0; finally we havedT” = 0 and spT” c B(z 2r) n sptT. Now, setC := I§(z, 2r) N sptT,
endowX’ := [0, 2r] x C with the product metric and define a subsekbby Z’ := {0, 2r} x

C. Letf’ : ZZ — sptT be the 1-Lipschitz map given bl/(Z,0) := Z andf’'(Z,2r) ;= z



WEAK CONVERGENCE AND CANCELLATION 13

forall Z. Since 2 < Arg there exists, as above, a Lipschitz extendionX’ — sptT of f.
Finally, defineg(t, Z) := f’(2rt,Z) for allt € [0, 1] andZ € C and seW := g«([0, 1] x T"),
where [Q1] x T’ is the product of currents defined in Section 2.3 of [22]. Nb&W €
I me2(SptT) and thatoW = —T”. Now, sinceW # 0, it follows from Theorem 4.5 in [1]
that there exist& ¢ R™? compact, withZ™?*(K) > 0, andy : K — sptT biLipschitz.
Since spi has Nagata dimensiog m, alsoy(K) andK have Nagata dimension m.
However, by Proposition 2.3, this implies thathas Hausddr dimension< m+ 1 and
thus.Z™*(K) = 0, a contradiction. This completes the proof. O

Now, for a compact metric spadeande > 0, denote byN(Y, £) the smallest number of
&-balls needed to coveé.

Corollary 4.2. Let Z be a complete metric space and>ni. Let T € In(Z) withdT =0
and supposseptT is compact, Lipschitz m-connected in the small, and hasitdadjmen-
sion< m. If sptT is A-linearly locally m-connected up to scalg for somed > 1 and
ro > Othen

AN (T)

N(sptT, &) <
(Sp ’8) - Cgm

forall ¢ € (O, 2’(””6)/1’(””1)ro),
where C only depends on m.

Proof. Fix 0 < & < 2-M®)=(™Dry and let{xq, ..., %} C sptT be ane-separated net,
that is,d(x;, x;) > e for all i # j. Then the ball$(x;, ¢/2) are pairwise disjoint and, by

Theorem 4.1, we have
7 M

ITI(B(xj,£/2)) > [16(2) ™

for everyj and consequently

_ [ae@y™4qm™™ (T)

< G .

The statement follows. ]

(6) k

5. PROOF OF THE MAIN RESULTS

For the proof of our main result we will need the following lera.

Lemma 5.1. Let Z be a complete metric space afig) c Im(Z) a bounded sequence
weakly converging to some & 1n(Z). Let ze Z and let(z,) c Z satisfy g — z. Then
for almost every > O there exists a subsequence Such that T, L B(z,, r) is a bounded
sequence of integral currents converging weakly toB[z r), which is an integral current.

The proof is a simple variation of the proof of Lemma 8.4 in, [4¢e also Proposition
6.6in [13].

Proof of Theorem 1.3Let T, Ty, andz, z, be as in the statement of the theorem. In the
following, we viewZ as a subset df°(Z). By Lemma 5.1 and Theorem 4.1, for almost
every 0< s < 2-(™6) =MDy there exists a subsequenkg such thafl, L B(z,,s) is a
bounded sequence of integral currents converging wealthetintegral currert L B(z, 9)
and

7

Fillvol o (8(Tn, L B(zn,, 9))) > B~
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forall j. Sinced(Tn, L I§(znj, s)) converges weakly ta(T L I§(z, 9)) and sincd*(Z) admits
local cone type inequalities, Theorem 1.4 in [23] impliestth
Fillvol o (8(Tn, L B(z,, 9) - (T L B(z 9))) — 0
and thus
ITIBE 9) > Filvol (AT LB 9)) > —— >
&) = e =902 By
Now, (1) easily follows and hence that
sSptT = {ze Z : ||T|| has strictly positiven-dimensional lower density aj.

The countables’™-rectifiability of the set on the right-hand side was proved heorem
4.6in[1]. ]

Remark 5.2. The above proof in particular shows the following: L&) c In(Z) be a
bounded sequence weakly converging to sdneel ,,(Z) and supposee Z andz, € sptT,
are such that, — zfor all n. If there exists) > 0 such that each, satisfies

(7) Fillvol o ((Tn L B(zn, 9))) > 65™

for almost alls € (0, £) thenz € sptT and||T||(B(z s)) > 6s™ for all s € (0, £). It would be
desirable to find weaker conditions than thénear localm-connectedness conditions we
impose in this article which still guarantee that (7) holds.

The following example shows that if in Theorem 1.3 one ontyuiees that each st
has Nagata dimensianm + 1 instead ok m, then the theorem becomes false.

Example 5.3. Let (T,) c In(R™1) be a sequence withT, = 0 and spiT, = B(0,1),
the closed unit ball iR™?, for everyn and such thaM (T,) — 0. Such a sequence can
easily be obtained as a suitable infinite surme$pheres irB(0,1).) It follows thatT,
satisfies all the assumptions in the theorem except that,dps Nagata dimension+ 1.
Furthermore, for ang € B(0, 1) the constant sequenge= zandA = 1 andr = 1 - |7
satisfy the properties of the theorem. However, the weait lInof Ty, is clearly 0.

It is not clear whether Theorem 1.3 remains true if we onlyunegithat spf, has
topological dimension at most.
Next, we turn to Theorem 1.5, the proof of which uses the falhgy lemma.

Lemma 5.4. Let Z be a complete metric space,>m1, ande > 0. Suppose Te In(Z)
satisfies)T = 0 andFillvolz(T) < e. Then for every  sptT and allr > 0, § > O there
exists a sef) c (r,r + §) of strictly positive Lebesgue measure such #@tL B(z 9)) €
Im-1(Z) and

Fillvol z(o(T L B(z 9))) <

S,

for all s € Q.

Proof. ChooseS € | (Z) with S = T andM (S) < &. Definep(y) := d(z y) and note that,
by the slicing theorem [1, Theorem 5.6],

fw M ((S,0,t)) dt < M(S).
0

There thus exists a subsRtc (r,r + §) of strictly positive measure, such thi@&, o, t) €
Im(Z) andM ((S, 0, 1)) < g/§ for all t € Q, since otherwise

00 r+6
f M ((S, o, 1)) dt > f M (S, o, ) dt > &,
0 r
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a contradiction. Now, sincé((S, o,t)) = —(dS,0,t) = —-9(T L E_S(z, t)), the proof is com-
plete. O

We are ready for the proof of Theorem 1.5.

Proof of Theorem 1.5Letz € sptT. By Lemma 2.7, there exists a sequernzg ¢onverg-
ing to zand such that, € sptT, for all n. It follows from Theorem 1.3 that (2) holds and
in particular that spt is compact.

Next, viewZ as an isometric subset bf(Z). We show that for every > 0 the spfT,
eventually lie in thes-neighborhood of spk. For this, sefA := sptT and letA(g) ;= {z €
Z:d(z A) < &}. By Proposition 8.3 in [1] there exists for almost every 0 a subsequence
Tn, such thafT, L A(e) is a bounded sequence of integral currents weakly convgtgi
T. In particular, it follows thafI'Jf := Tn, L [A(e)]€ forms a bounded sequence converging
weakly to 0. By Theorem 1.4 in [23], FiIIVQ,I(aTJf) — 0 asj — oo. In particular,
there existsS; e 1n(I°(2)) with 0S; = 6Tj’ andM (S;) — 0. By the remark following
Lemma 3.4 in [22], we may assume that Sptc A(2¢) for all j large enough. Note that
T =T/~ S; satisfies)T!” = 0, has uniformly bounded mass, and weakly convergesto 0.
Thereforey; := FiIIvohm(z)(T;') — 0, again by Theorem 1.4 in [23]. Suppose now that for
somej large enough (to be determined later) there exdstsptT,, with d(z A) > 3. Set

1
’ . ; —(m+6) y—(m+1)
r = —nnn{e,z A I’}.

SinceTJf’ LB(z9) = Tn L B(z 9) for all s < &, it follows from Theorem 4.1 that
c'g"
[8(2/1)m+1]m
for almost everys € (r’, 2r’). On the other hand, Lemma 5.4 implies that
Fillvol (8(T/ L B(z.9))) < vj/1’

for all sin a subset ofi(, 2r’) of strictly positive measure. [fis large enough this is clearly
a contraction. This shows that dpteventually lies in the &neighborhood of spk. Fi-
nally, lete > 0 and let{z, .. ., z/} be a finite an&-dense set in sft. By Lemma 2.7, there
exist sequenceg — zj with z), € sptT,. This shows that sfit lies in the 3-neighborhood
of sptTy, for all nlarge enough. This shows that 3ptconverges in the Hausdbdistance
to sptT. O

Fillvolo(8(T{ L B(z 9))) >

Remark 5.5. We can also deduce the following result, related to Theoréim llet (X)
be a sequence of complete metric spatess | m(Xn) with T, = 0 and such that

sudM (Tp) + diam(spfT,)] < oo.

Suppose further that spt, is compact, Lipschitet-connected in the small, and has Nagata
dimension< mfor everyn. If for somed > 1 andrg > 0, every spt,, is A-linearly locally
m-connected up to scalg then it follows from Corollary 4.2 that the sequence (Bt

is uniformly compact. In particular, it follows from Gromswompactness theorem that
there exists a compact metric spatand isometric embeddings, : sptT, — Z. More-
over, there exists a subsequeiigesuch thatp, (sptTy, ) converges in the Hausdbsense

to some closed subsktc Z andgn Ty, converges weakly to sonee Iy(2). (The latter
follows from the closure and compactness theorems in [1¢)c@hclude from Lemma 2.7
and Theorem 1.3 that = sptT, that (1) holds at everge sptT, and thus, by [1], that sfit

is countably.7#™M-rectifiable. Note thaK is the Gromov-Hausdfilimit of the sequence

(SptTn,)
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Note that in [24] it is shown that whenevety) is a sequence of complete metric spaces
andT, € I (X,) is such that

(8) SUAM (Ty) + M (0Ty) + diam(sptT,)] < oo

then there exists a complete metric spa¢césometric embeddings, : sptT, — Z, and

a subsequence,, such thatpn#Tn, converges with respect to the flat distance to some
T € Im(2). In this greater generality, where only (8) is assumed,stguence (sft,)

of supports need not be uniformly compact of course. Moreave cannot hope that a
subsequence of spi(»Ty,) converges in the Hausdbisense. If it does then in general
SptT is a strict subset.

Next, we give the proof of Theorem 1.7.

Proof of Theorem 1.7For eachn let T, be the integrain-current onX,, obtained by inte-
gration overX, (the same way as the currentinduced by an oriented Riemamaaifold).

It follows thatdT, = 0 and, from Lemma 9.2 and Theorem 9.5 in [1], thatTspEe X,
andM (Tp) < 2Mw-17™(X,) for all n, wherewn, denotes the volume of the unit ball in
R™. It thus follows from Corollary 4.2 thatX,) is uniformly compact. In particular, by
Gromov’s compactness theorem, there exists a compacireptice and isometric embed-
dings¢n : Xy — Z. By the compactness and closure theorems of Ambrosio-Kéich
[1], possibly after passing to a subsequenggT, weakly converges to sonike € | (2).
After passing to a further subsequence we may assumedt&f) = spt(nTn) converges
in the Hausddf distance to a closed subsét- Z. By Lemma 2.7 we have that sptc X.
Furthermore, ifx € X then there exists, € sptlxTn) with X, — x and thus, by Theo-
rem 1.3, we obtain that € sptT and||T|| has strictly positiven-dimensional lower density
atx. This shows that sgt = X and that spT is countably.#"™-rectifiable and this con-
cludes the proof. (Note that we could have used Theorem atpliX,) = sptlpnsTn) to
achieve the same.) ]

In order to deduce Corollary 1.8 from Theorem 1.7 we must stiat theM,, have
uniformly bounded diameter. For this laty € M, and lety be a length-minimizing
geodesic joiningk andy, parametrized by arc-length. Choose poixis .., Xk € Im(y)

with mutual distance at least ;

It follows from Corollary 4.2 thak is uniformly bounded and thus that the lengthyof
is uniformly bounded. This establishes the uniform uppertabon diameter.

6. EXAMPLES OF CANCELLATION AND COLLAPSE

Let (T) be a bounded sequence of integral currents in some metimegpweakly
convergingto an integral current It was shown in Lemma 2.7 that if the sequence (gpt
of supports converges in the Hausfigense to a closed subsétc Z then spil c X. In
the following we illustrate with some simple examples tlweg inclusion may be strict in
general.

Example 6.1. For eachn > 1, let M,, be the 2-toruss?* x S%/n in R4, WhereS}/n is the
circle of radius In. Then for any orientation oM, the corresponding integral currents
[Mn] converge in mass to 0, that i ([M,]) — 0, and thus converge weakly to 0. On
the other hand\, converges in the Hausddsense t&?! x {(0, 0)}. In particular, spT is
empty whereas the Hausdilimit of the sequence (st,) is not.
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Sometimes, the phenomenon appearing in the example abmadlésl collapse (of
mass). The next example shows that the limit can be 0 evee ifni&ss ofl,, is bounded
away even locally.

Example 6.2. For eachn > 1 let M,, be the ellipsoid irR® given by
M := {(x,y,z) eR®: X +y?+nZ = 1}.

For any orientation oM, the sequence of integral currerfjid,] converges weakly to 0.
On the other hand, the sequendé,] converges in the Hausdbisense to the flat disc
{(x,y,0) : x> +y? < 1} c R3. In particular, spT is empty whereas the Hausdolimit of
the sequence (spt) is not.

We call a phenomenon such as appearing in this example ¢tatimel Note that in
both examples abov#/],, does not carry the length metric but the induced metric frioen t
ambient Euclidean space.

A more elaborate example of a sequence with cancellationén@s follows.

Example 6.3. Let Mg be a closed oriented Riemannian manifold anchfixIN. Choose a
collection of points,

{P1, ..., PNy} € Mo
such thad(p;, px) > 3/nandMgy = UU; B(pi, 10/n). We choose any, such that O< r, <
min{1/n,inj(Mg)/2}, where inj(Mo) denotes the injectivity radius &fly. We then construct
a Riemannian manifoltl, by gluingMg \ UiN:”1 B(pi, rn) to itself and smoothing the edges
so that the metric on both copies df \ UiNz"l B(pi, 2ry) is preservedM, converges in the
Gromov-Hausddf sense tdVlp. Thus there exists a compact metric spA@nd isometric
embeddings, : My, — Z andgy : Mg — Z such thaty,(M;,) Hasudoft converges
to ¢o(Mo). However, the sequenggx]Mp] of integralm-currents inZ is easily seen to
converge weakly to 0. Note that there are no sequences dfspeith uniform bounds on
their A local contractibility radius due to the increasingly dettg@ology on theM,.

It is of course not dficult to construct sequences that exhibit partial collapgzactial
cancellation.

7. WEAK CONVERGENCE AND RICCI CURVATURE

Let (M;)) be a sequence of closed oriented Riemannian manifoldsrdmsionm with
Ricy, > 0 and diami1;) < Do for all n. Denote byT, := [My] the integralm-current
in M, induced by integration ove¥,. Using the Bishop-Gromov volume comparison
theorem it is not dficult to show that the sequenddy) is uniformly compact and thus, by
Gromov's compactness theorem, a subsequevigg converges in the Gromov-Hausdor
sense to a compact metric space More precisely, there exists a compact metric space
Z and isometric embeddings, : M, — Z; as in Remark 5.5 it follows that for some
subsequence, which we denote againMy)( ¢n(Mp) converges in the Hausdddistance
to a compact subset c Z andyn: Ty, converges weakly to sontee | (2).

Theorem 7.1. Let M, Ty, Z, andy,, be as above. Nol(M,) > Vo > 0 for all n thensptT
coincides with the (Gromov-)Hausgplimit X of the sequencéon(My)). Moreover,||T||
has strictly positive m-dimensional lower density at ey@int ze sptT and, in particular,
X is countablyz7™-rectifiable.

Under the assumptions in the theorem, there do not exisgrieml,A > 1 andr > 0
such thatM, is A-linearly locally m-connected up to scalefor all n, see [18]. As the



18 C. SORMANI AND S. WENGER

example in [16] shows, it is not even true that for every X there existt > 1,r > 0, and
a sequencg, € M, with ¢n(z,) — zsuch thaB(z,, r) is A-linearly locallym-connected in
M, for n large enough. In particular, Theorem 7.1 does not come a®et@onsequence
of either Theorem 1.5 or Theorem 1.3. It should also be ndtatt@heeger-Colding [3]
prove much stronger metric structure properties for then@nwHausdoff limit X than
the countables#™M-rectifiability we exhibit here. Our proof uses results fr@heeger-
Colding’s [2] but not from [3].

Proof. Denote byR c X the subset of regular points ¥iin the sense of Cheeger-Colding,
see [2, Definition 0.1]. Since VdW,) > Vo, > 0 for all n, the sequenceM,) is non-
collapsed by the Bishop-Gromov volume comparison theotethus follows from Theo-
rem 5.11 in [2] that at eache R, every tangent cone ais isometric taR™, that is,zis an
m-regular pointin the sense of Cheeger-Colding. We clairbftraeveryz € R there exist
A>1,rp> 0, and a sequen@ € M, with ¢n(z,) — zand such thaB(z,, ro) is A-linearly
locally m-connected irM,, for n large enough. In order to do so, foe R and lete > 0 be
suficiently small (to be determined later). Givér O there exists > 0 such that

deH(Brm(0, 1), Bx(z 1)) < or/2,

whereBgn(0, 1) andBx(z r) denote balls irR™ and X, respectively. Moreover, there is a
sequencezy) with z, € M,, and such thapn(z,) — zand

deH(Bwm,(zn, 1), Bx(z 1)) < 6r/2
for nlarge enough. It follows that

dgH(Brm(0, ), Bm,(zn, 1)) < or

for n large enough. It now follows from Colding’s volume convernge theorem [4], more
precisely from Corollary 2.19 in [4], that if was chosen dficiently small then

VOI(Bw, (20, 1)) > (1 = &)wmr™

for n large enough, wheren, is the volume of the unit ball ilR™. Finally, if ¢ > 0 was
chosen small enough, Perelman’s local contractibilitypthen [17], see the Main Lemma
therein and the remark following it, shows tha, (z ro) is 2-linearly locally contractible
in M, for for all n large enough, wheng := vr for some absolute constant (0, 1). This
proves our claim. It thus follows from our main result, Thewrl.3, thalR c St, where
St is the set of points at whiclfiT|| has strictly positive lowem-dimensional density. On
the other hand, by [2, Theorems 5.9 and 2.1], we h&/&(X\R) = 0 and, in particularR
is dense inX. We conclude that sft = X.

It remains to show thafT|| has strictly positive lowem-dimensional density at each
pointz € X\R. For this, we note first that, by Lemma 9.2 and Theorem 9.5Jilaft the
fact that2M(X\R) = 0, we have

(9) ITIB(z 1) = m™22™(St N Bz 1)) = m™24™(X N B(z 1))

forallr > 0. On the other hand, by Theorem 5.9 in [2] and the Bishop-@rowolume
comparison theorem,

m

m Vor

forall 0 < r < diamX. From (9) and (10) it thus follows thd{|| has strictly positive
m-dimensional lower density at This concludes the proof of the last statement. 0O
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We end this section by noting that if the Ricci curvature dbtod is replaced by a
scalar curvature condition then Theorem 7.1 no longer helés when the sequence of
manifolds is known to converge in the Gromov-Hausbiegnse. There can be cancellation
without collapse, as the following example shows.

Example 7.2. Let Mg be a closed orientet-dimensional Riemannian manifold with pos-
itive scalar curvature anch > 3. ConstructM, analogously to thévl, in Example 6.3,
however using the Gromov-Lawson gluing construction [18]timy balls very close to
the p; (whereMp is suficiently flat). It can be achieved thM, has positive scalar cur-
vature and the metric oNlg \ UiN:"1 B(pi, 2ry) is preserved. Then thedé, still converge
in the Gromov-Hausddif sense tdMlpy and theyp[Mn] converge weakly to 0. A similar
construction could be made using Schoen-Yau's surgery [20]

APPENDIX A. LIMITS OF UNIFORMLY GEOMETRIC CONTRACTIBLE SEQUENCES OF MANIFOLDS

BY RAANAN SCHUL AND STEFAN WENGER

The purpose of this appendix is to prove the following theosehich shows thafi-
linear localm-connectedness cannot be replaced by geometric contliactibb Corol-
lary 1.8.

Theorem A.1. For every m> 2 and everyr € (0, 1) there exist Cr > 0 and a sequence of
Riemannian metricsgon the m-sphere Ssuch that M := (S™, g,) has

sup[Vol(M;) + diamM;] < co,
n

and satisfies the following properties: Each Nas local geometric contractibility function
o(s) := Cs, s € [0,r), and M, converges in the Gromov-Hausgbsense to a compact
metric space X, homeomorphic td Swhich satisfie® < #™(X) < o but which is not
countably.s#™M-rectifiable.

In the proof we will need the following: Lell,m > 2 and sefa := N~Y/™, Define a
metricd,, onZ := {1,..., N}*' such that for givenz), (z) € Z we haved..((z), (7)) := a/,
wherej is the smallest index, or O, for which # 7. Note thatd., is an ultrametric, that
is,

(11) deo(z Z) < max{d(z Z’), dw(Z, Z")}
forallzZ,z’ € Z.

Lemma A.2. The metric spacé€Z, d.,) satisfiesd < #™M(Z) < o, but is not countably
2M-rectifiable.

Proof. We first show thaZ has finite7#™-measure. For this, Iét> 0 and choosgg large
enough so that@° < §. SinceZ can be covered biX™ closed balls of radiua™** we
obtain

%m(z) < Nnoa)ma(no+1)m — wmam’
wherewn, is the volume of the unit ball iR™. This shows thaZ has finite.Z™-measure.
Next, we construct a Frostman measureZoand use it to show tha#Z””’™(Z) > 0. Let
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m Z — {1,...,N} be the projection onto theth coordinate. Le: be the unique Borel
probability measure oA such that foralh > 1 and allz,...,z, € {1,..., N}
1

NP
We claim that for alz € Z and allr € (0, a) we haveu(B(z r)) < a-2™™. Indeed, len € N
be such thaa"™! < r < a". Then every € B(z r) satisfiesr(z) = ni(2) fori = 1,...,n-1
and hence(B(z r)) < N™™1 < a2™™ Now, lets > 0 and let 8;) be a covering oZ by
sets of diameter less thari2 and such that

[} . . m
Z wm(dlamB') < H™(2) + e
i-1 2
For each setr; := diamB; and choose, € B; arbitrary. Then

u(fm=z:i=1,...,n})

Z rm> 2‘ma2mz/,¢(B(zi, r) > 2" Ma?My(Z) = 2-"a?™,
i=1 i=1
Sincee > 0 was arbitrary, it follows that#™(Z) > 2-™a?"w, > 0.

We finally show that for an)K c R™ Borel and any Lipschitz map : K —» Z we
haveZ™(¢(K)) = 0. Indeed, if this is not the case, then it follows from [12hthhere
existsK’ c K of strictly positive Lebesgue measure, a ngrai| onR™, andx € K’ a
Lebesgue density point &’ such that the magp|k- is an approximate isometry arouxrd
when viewed as a map fronKK(, || - ||) to Z. Now, for anye > 0 there exist’, x” € K’
with [Ix = X|| < e and|x = x’|| < 3|ix - x|l and|Ix - X”"|| < 3|Ix - X||. On the other
hand, ifk is such that.(¢(x), ¢(X)) = a* then, by (11), eithed.(¢(X), p(X”)) > ak
or dw((X), o(x")) > a. Sinceg|x  is an approximate isometry aroundthis yields a
contradiction. This completes the proof. O

We use the above lemma to prove the theorem.

Proof of Theorem A.lLetm L > 2 anda € (0,1), seta := L™t andN := L™ and let
A € (0,a) such thatelogd = loga. For eachn > 1, let P, be the boundary of the
(m+ 1)-dimensional rectangle [@"]™ x [0, a"]. We call [0, A"]™ x {0} the base oP, and
[0, 2"]M x {a"} the roof of P,. Let Xg := [0, LA]™ have the Euclidean metric, dividg into
N equal cubes of edge lengtteach, and glue to each cube a copyohlong its base (and
‘delete’ the interior of the base after gluing). Endow theobtained space with the length
metric and call itX;. We call the copies oP; in X; the 1-towers oi;. Suppose now that
we have constructed, for somen > 1. In order to construcX,,; from X,, center a cube
of edge length.A™* on the roof of eacim-tower in X, note for this that. A™* < A", then
divide the cube intd\ equal cubes of edge lengifi*! and glue a copy oP,,; along its
base to each cube (and ‘delete’ the interior of the base gifierg). Endow the new space
with the length metric and call X.,1. The copies oP,; in X,;1 are called i + 1)-towers
in Xn+1. Figure 1 below shows how towers stand on top of each other.

Clearly, eachX; is biLipschitz homeomorphic to the cubg and satisfies

n
2
A(K) = (L) +2m Dk < (L™ + T
k=1 1-p
wherey := aNA™?! < 1. Fork < n, the distanca from any point at the base of a given
k-tower in X, to any point on its roof satisfies* < d < (m+ 1)aX. It follows easily that
all X, have uniformly bounded diameter. Now, ea¢hhas local geometric contractibility

functionp : [0, 1/2) — [0, o) given byo(s) := Cs?, whereC = 2*(m+ 2 — a)(1 - a)LL.
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] (k+ 2)-tower

(k + 1)-tower

(k + 1)-tower

L~

T

L/lk+1

;/lk

k-tower

Ficure 1. Some of the towers iK,

Indeed, lez € X, ands € (0,1/2). Letk € N be such thaf**! < 2s < 1. Suppose that
B(z s) intersects g-tower but no p— 1)-tower inX,. If p < kthenB(z s) cannotintersect
anl-tower withl > p+ 1 since otherwise®> aP*! and hence > k, a contradiction. Since
2s < AP+ it thus follows thatB(z s) is contractible within itself. Now, i > kthenB(z s)
is contractible within the balB(z s') where

p
oo gk M+ 1)
1-a

It is trivial to check thats' < o(s). This shows thap is indeed a geometric contractibility
function for X.

Let now X, be the Gromov-Hausdfirlimit of the sequence<,. We first show that
X has finites#™-measure. For this, let > 0 and choose@y so large that 261+ 1)(1 -
a)~ta"™ < §. Fix anng-tower in X, and a poini at its base. Then the closed ball of radius
(m+1)(1-a)~ta™ aroundx contains the giveny-tower and all the towers on its roofs (and
the towers on their roofs, and so on). Sintecontains exactiN™ no-towers, we see that

m m

m+1
1-a

2m

H(Xeo) < A (Knp-1) + Nwiy < (LA™ + 14 + wm
—u

(m+ 1)a
l-a

Sinces > 0 was arbitrary, this shows that indeed™(X.) < co. Next, the metric spaca
from the lemma above admits a biLipschitz embedding Kito SinceZ is not countably
2M-rectifiable by Lemma A.2, it follows thaX., is not countably#’™-rectifiable either.
Finally, in order to obtain a closed oriented Riemannianifioéth M, we glueX, along
its boundary to the boundary of ancube and then smooth it. In this way, we can also
achieve that eacM, is biLipschitz homeomaorphic to the standaresphereS™ and that
the Gromov-Hausddi limit is homeomorphic toS™. This concludes the proof of our
theorem. |
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