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Abstracts

Intrinsic flat convergence as a gauge invariant means of defining weak
convergence of manifolds

Christina Sormani

In a variety of questions arising in general relativity, one needs a weak notion of
convergence of manifolds in order to understand how two different models are close
to one another. Recall that Schoen-Yau [11] proved that an asymptotically flat
Riemannian manifold with nonnegative scalar curvature whose ADM mass is 0
must be Euclidean space. If the ADM mass is close to 0, one may ask whether the
manifold close to Euclidean space. Ishibashi-Wald and Green-Wald ask how close
an inhomogeneous model of the universe is to the homogeneous description used
in the Friedmann model of cosmology [6] [4]. In these and in many other settings
one can see that the perturbations are not smooth and that one can have thin deep
gravity wells. Here we propose that the intrinsic flat convergence of Riemannian
manifolds provides a natural weak notion of convergence that can be applied to
provide an appropriate measure of closeness. It is possible that combining this
notion with the cosmological time function of Andersson-Galloway-Howard [2],
one can define a weak notion of convergence for those Lorentzian manifolds which
have such time functions.

The intrinsic flat distance between compact oriented Riemannian manifolds
with boundaries was defined by the author and Stefan Wenger in [15] building upon
work of Ambrosio-Kirchheim [1] and Gromov [5]. It extends Federer-Fleming’s
notion of a flat distance between submanifolds of Euclidean space that was applied
to solve the Plateau Problem [3]. Like the classical flat distance, a sequence of
manifolds Mj

F−→ M∞, can have increasingly thin wells which disappear in the
limit. Thus examples, like Ilmanen’s spheres of increasingly many splines, have
intrinsic flat limits even when no subsequence converges in the Gromov-Hausdorff
or smooth sense.

Like the Gromov-Hausdorff distance, the intrinsic flat distance is gauge invariant
(i.e. it does not depend on the coordinate charts) [15]. In fact, the intrinsic flat
distance between two Riemannian manifolds is 0, dF (M1,M2) = 0, iff there is an
orientation preserving isometry between them [15].

A sequence of pointed oriented complete noncompact Riemannian manifolds,
(Mj , pj), are said to converge to (M∞, p∞) in the pointed intrinsic flat sense if
for any R > 0, the balls converge: dF (Bpj

(R), Bp∞(R)) → 0. By Wenger’s Com-
pactness Theorem, providing a uniform upper bound on the volumes of the balls
and the areas of their boundaries guarantees the existence of a subsequence which
converges in this sense [16]. In general, the limit space is no longer a Riemannian
manifold. It is an oriented weighted countably Hm rectifiable metric space called
an integral current space. Such spaces have biLipschitz coordinate charts covering
almost every point in the space [15]. See also the article of Urs Lang and Stefan
Wenger [8].
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In joint work with Dan Lee [9][10], the intrinsic flat convergence has been applied
to study manifolds with small ADM mass and manifolds which almost achieve the
Poincare Inequality. We prove the rotationally symmetric case and propose more
general conjectures. These papers include methods for estimating the intrinsic flat
distances between Riemannian manifolds which can be embedded into a higher
dimensional Euclidean space. The rotational symmetry is used to provide that
embedding. The proofs are constructive.

In joint work with Sajjad Lakzian [7], new methods for measuring the intrin-
sic flat distance between manifolds which have diffeomorphic subregions are pro-
vided. This allows us to understand when a sequence of manifolds which converges
smoothly away from a singular set also converges in the intrinsic flat sense. Es-
sentially one must control the volumes of the bad regions and the areas of the
boundaries of the bad regions and ensure that the good regions are close in a
Lipschitz sense. Explicit bounds on the intrinsic flat distance are given. Sajjad
Lakzian is conducting further work in this direction in his doctoral dissertation.

In [13], the author studies the stability of the Friedmann model of cosmology
using the Gromov-Hausdorff distance. That is a Riemannian manifold which is
almost locally isotropic, allowing for both weak gravitational lensing and strong
gravitational lensing, is GH-close to a homogeneous space as long as one has
the uniform bounds needed to apply Gromov’s Compactness Theorem. Applying
Wenger’s Compactness Theorem instead, the author is working to prove such an
inhomogeneous model is close in the intrinsic flat sense to a homogeneous space.
One must show that almost isometries in the sequence converge to isometries of
the limit space.

One of the advantages of intrinsic flat convergence is that certain regions in
spaces will disappear in the limit. This may happen due to collapse, where the
volume of the region approaches 0, or due to cancellation, where two regions come
close together with opposite orientation. In joint work with Stefan Wenger [14], it
is shown that a sequence of compact oriented manifolds, M3

j , created by connecting
two standard spheres with increasingly tiny increasingly dense Gromov-Lawson
tunnels disappears completely in the limit: dF (Mj , 0) → 0. We conjecture that
sequences of manifolds with nonnegative scalar curvature and no closed interior
minimal surfaces (other than their boundaries) do not disappear in the limit unless
their volumes converge to 0. We prove that assuming Ricci ≥ 0 or a uniform
contractibility of the spaces, one avoids such cancellation.

In [12], the author examines which points in a sequence of manifolds disap-
pear and which converge under intrinsic flat convergence. If pj → p∞, then
lim infj→∞ V ol(Bpj

(r)) ≥ µ(Bp∞(r)) where µ is the mass measure of the limit
space. In contrast, the filling volumes of spheres are continuous,

lim
j→∞

FillV ol(∂Bpj
(r)) = FillV ol(∂Bp∞(r)).

A sequence of points can be prevented from disappearing in the limit if the filling
volume or the sliced filling volume of the ball around it can be bounded from below
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by Crm. If the balls have a uniform tetrahedral property or integral tetrahedral
property, their centers will not disappear [12].

The author is then able to prove an Arzela-Ascoli theorem for sequences of
functions, fj : Mj → R, when Mj

F−→ M∞. She proves level sets of certain
Lipschitz distance functions, f−1

j (t) ⊂ Mj , converge in the intrinsic flat sense to
level sets of their limits, f−1

∞ (t) ⊂ M∞, for almost every t ∈ R [12]. In ongoing
discussions with Lars Andersson and Ralph Howard and their students, the author
is exploring the possibility that one may use this property of convergence of level
sets applied to the cosmological time function of [2] to define an intrinsic flat
convergence of Lorentzian manifolds which have such time functions.
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