LIPSCHITZ CONTINUITY OF THE SPECTRA OF
THE MAGNETIC TRANSITION OPERATORS
ON A CRYSTAL LATTICE

MOTOKO KOTANI

ABSTRACT. A magnetic transition operator on a crystal lattice is defined as a
generalization of the Haper operator. Following the idea of J. Bellissard, we
prove Lipschitz continuity of the band edges of its spectrum as magnetic field
changes.

1. INTRODUCTION

The Harper operator was designed to describe the behavior of an electron moving
on the square lattice exposed to the constant magnetic field by P. G. Harper([6]).
While the spectrum of the magnetic Laplacian of R? under the uniform magnetic
field is very simple and completely understood as the Landau levels, the spectrum
of the Harper operator is difficult to analyze. The spectrum is a band when the
magnetic flux is a rational number and is a Cantor set when the magnetic flux class
is a Liouville number. Thus it has caught people’s interest and much work has been
done (cf. M. D. Choi, G. Elliott and N. Yui [5], B. Helffer and B. Sjostrand [7],
J. Bellissard [3] and the references therein).

As a generalization of the classical Harper operator on the square lattice, the
notion of magnetic transition operators on a more general graphs, namely crystal
lattices, was introduced by T.Sunada [11]. The purpose of the present paper is
to study the spectrum of the magnetic transition operators on crystal lattices,
especially how the spectrum depends on the associated magnetic field by using the
C*-algebra approach following J. Bellissard [2],[3].

To state our main result, let us recall the definition of magnetic transition op-
erators. A crystal lattice X is an infinite graph on which an abelian group I' acts
freely with a finite graph X as its quotient, or equivalently, it is the abelian covering
graph of a finite graph Xy with the covering transformation group I'. Intuitively,
it is an infinite graph with a fundamental pattern consisting of finite vertices and
finite edges, which appears periodically. The standard lattice Z¢, the triangular
lattice, the hexagonal lattice are typical examples (See Fig. 2, 3 4). For simplicity,
we assume I has no torsion, therefore I' = Z¢ for some d.

Recall that a magnetic Laplacian of R? under a periodic magnetic field B with
respect to a lattice I' is defined by a vector potential A, which is a weakly I'-
invariant 1-form of R? satisfying dA = B. (Here we consider B as a closed 2-
form on RZ) A discrete analogue of a vector potential for a crystal lattice X
is, therefore, a weakly I'-invariant 1-form w on X (defined in §2). It defines a
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2 spectra of magnetic transition operator

[-invariant cohomology class [w] € H'(X,R)'. The covering map 7= : X — Xq
induces the surjective map © : H'(X,R)Y' — H?(I',R), where H%(T, R) is the 2nd
group cohomology of I'. We call ©[w] the magnetic flur class of [w]. For ' = Z4,
it is known that H2(I',R) = RU4=1)/2 and we identify H?(I',R) with the space of
the skew symmetric bi-linear form B = " b;jdz; Adzj of [ ® R = R?, therefore it
is a discrete analogue of the space of the magnetic flux classes of periodic magnetic
fields on the Euclidean space.

For a weak I'-invariant 1-form w, the magnetic transition operator H,, on X is

defined by
(Hoo)(r) = D ple)e Y p(t(e)).
ecE,

(See §2 for the definitions of the notations.) If two weak I'-invariant 1-forms w;
and wo represent the same element in H'(X,R)! (and so have the same magnetic
flux class in H%(I',R)), H,, and H,, are unitarily equivalent. Therefore, when
spectrum is concerned, we say the magnetic transition operator Hy, corresponding
to the magnetic flux class B = Ow]. We shall see that H, is an element of the
reduced twisted group C*-algebra Ap associated with B = O[w] € H?([',R) in §3.

An advantage of the C*-algebra approach is that one can treat not only the
magnetic transition operators but also a wider class of the operators which depends
smoothly on the magnetic flux class. Let € be a small neighborhood of By in
H?(I',R) and Ag = UpeqAp. Given a smooth structure on Ag, we define the
space Cl'"(Ag) of a (I, n)-differentiable elements H in Ag in §4.

Theorem. Let H € CH¥/2T2t¢(Aq) be a self-adjoint operator. Denote the up-
per/lower edges of a gap g of the spectrum of H by EY, respectively. At By €
where the gap width W9 is positive, E. are Lipschitz continuous functions in B.
Namely we have
|BL(B2) — EL(B)| < e(H)[ sup WI(B)]~ > |B; — By,
BeU(By)
for By, By € U(By), where U(By) is a small neighborhood of By in € in which W9

18 positive.

Remark. For arbitrary I' = Z¢, there are examples of crystal lattices such that
the spectra of the magnetic transition operators on them with small magnetic flux
classes have gaps. See §7.

Remark. When the magnetic flux class belongs to H?(I', Q), it is shown that the
spectrum of the magnetic transition operator has a band structure in [11] and [8].
The Lipschitz constant of ||H,|| at the zero magnetic flux class is estimated in [8].
More precisely, for H,, with the non-degenerate magnetic flux B = O[w],

. 1 1
111;1_%113 5—2(1 — [ Hs2u|l) < m(Xo) > [bil,

where ++/—10b; are the eigenvalues of B.

Remark. The spectrum of the discrete magnetic Laplacian on Z3-lattices (the Z3-
cover of the 3-bouquet graph) is studied carefully by E. Bédos [1].

The author would like to express her gratitude to T. Sunada for useful discus-
sions. She appreciates J. Bellissard sending their unpublished article [4], from which
she learns much. This work was done during the author’s stay in I. H. E. S. France.
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2. MAGNETIC TRANSITION OPERATORS

A magnetic field on R? is a closed 2-form B = Y b;jdz; A dz; and a vector
potential A for B is a 1-form satisfying dA = B. The magnetic Laplacian is the
self-adjoint operator A4 = V%V 4, where V4 = d —/—1A is the connection of the
trivial line bundle on R% and V7 is its adjoint. The magnetic Laplacian associated
with two different vector potentials for the same magnetic field B belong to the
same unitary equivalence class of the operators. A magnetic field B is periodic
with respect to a lattice group I' C R? if and only if v*A — A =df, (y€T). We
call this property for A weak I'-invariant.

In this section, we define the magnetic transition operator on a crystal lattice, as
a discrete analogue of the magnetic Laplacian on R?. In the classical Harper model
case, the square lattice lies in the Euclidean space R? exposed to the perpendicular
magnetic field (which is identified with a 2-form on R?). In our case, we consider
the crystal lattice X as an abstract infinite graph. It is not in a Euclidean space a
priori. Therefore, an account of what is the magnetic field/flux class corresponding
to our magnetic transition operator is needed.

Let X be a crystal lattice, the covering graph of a finite graph X, with the
covering transformation group I = Z%. Denote the space of all oriented edges of X
by E, the origin and the terminus of an oriented edge e by o(e), t(e), the inverse
edge of e by €, respectively, and put E, = {e € E | o(e) = z} for x € X. Here and
throughout the paper, we identify the space of vertices of X with X (so a vertex x
is denoted as x € X). Give a I-invariant weight m : X — R, of the vertices of X
and a ['-invariant transition probability p of a symmetric random walk on X, i.e.
p: E— Ry s.t.

Zp(e):l € X,

m(o(e))p(e) = m(t(e)p(E) e E.

A simple random walk i.e. p(e) = deg(o(e))™t, m(z) = deg(x) is an example of
symmetric random walks on X.

As a discrete analogue of vector potentials, we take a weakly I'-invariant 1-form
won X, i.e. a function w : £ — R of F satisfying

w(e) = ~w(e),
Yw—-—w=ds, (Vyel,3s,:X —R).

There is no straightforward discrete analogue of a magnetic field on X, because a
magnetic field on the Euclidean space is a closed 2-form while X is a one-dimensional
object. A weak [-invariant 1-form defines an element of H'(X,R)", We take a I'-
invariant cohomology class [w] € H*(X,R)' as a substitute for a magnetic field.

For an element [w] € H*(X,R)'', we define its magnetic flur class as an element
of the 2nd group cohomology H?(I',R). A 2-cocycle B is amap B: ' xI' — R
satisfying the cocycle condition:

(1) B(O’l,O'QUg)“r‘B(O'Q,Ug) :B(01,02)+B(0102,0’3) (01,0'2,0'3€F)
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and the 2nd cohomology class is the equivalence class defined by the relation;
Bl ~ BZ e BZ(aaﬁ) = Bl(aaﬂ) + S(ﬁ) + s(a) - S(Qﬁ) (O[,ﬁ € Fa ds: ' — R)

From (1), we deduce
B(1,0) = B(o,1) = B(1,1),

and hence we always normalize B so that B(1,0) = B(o,1) = 0.
For a given weak I'-invariant w (v*w —w = dsy), put

(2) B(a, B) = sa() — sa1p(x) + sgla™z) (v € X,a,B€T).

It doesn’t depend on z € X and satisfies the cocycle condition. Moreover, the
cohomology class doesn’t depend on the choice of sq, sg, and w(but on [w]). Thus
it defines a map © : H*(X,R)"' — H2(I', R). Actually there is an exact sequence;

0 — HY,R) % HY(Xo,R) & HY(X,RF & HXI,R) — o
When X is the universal abelian covering X$* of X, (whose covering transformation
group is H1(Xp)), © : HY(X,R)Y — H?([',R) is isomorphism. A general abelian
cover X of Xy is a sub-cover of X$® and © is surjective.

For T' = 74 it is known that H2(T,R) = R¥4=Y/2 and we identify H?(T,R)
with the space of the skew symmetric bi-linear form B = (b;;) of I ® R & RY,
therefore with the space of the magnetic flux classes of periodic magnetic fields
on I' ® R, and for later use, we also identify the space with that of the constant
magnetic fields on I' ® R. We call ©[w] the magnetic fluz class of |w].

Let

CX)i={p: X = C|el> =Y m(@)p()]* < oc}.
reX

The magnetic transition operator Hy, : £*>(X) — £*(X) on X is defined for a weak
[-invariant 1-form w in [11] by

(Hop)(@) = Y ple)e Y Ep(t(e)).
ecE,

Note that Hy is the transition operator of the symmetric random walk on X. Just
like the Euclidean case, two weak I'-invariant wp, ws yield unitarily equivalent
magnetic transition operators and so it makes sense to say that the magnetic flux
class B = O([w]) € H?(I',R) corresponds to H,,.

We find, for an arbitrary element B € H?(I', R), a canonical magnetic transition
operator Hg on X whose corresponding magnetic flux class is B as follows. An
arbitrary crystal lattice is realized in I' ® R = R? by the energy minimizing I'-
equivariant map ® : X — I'®R and is called the standard realization [9]. It gives the
most symmetric realization of the given crystal lattice. For example, the standard
realization of the Z2-lattice is the square lattice, that of the triangular lattice is the
equilateral triangular lattice, and that of the hexagonal lattice is the equilateral
hexagonal lattice. The flat metric associated with the standard realization is called
the Albanese metric. We identify B with the skew symmetric matrix B = (b;;)
by B(w,8) = (Ba, ), where (-,-) is the inner-product on I' ® R defined by the
Albanese metric. Consider the constant magnetic field B = 3, ; bjjdx; A dx; of
I' ® R and take a linear vector potential A = > a;;z;dz; with aj;; — a;; = 2b;;,
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a;; € R associated with B. Put a = (a;;). Then
wale):= /<I>*A = (a®(o(e)),d®(e)) + %(ad@(e),d@(e))

is a weak I'-invariant 1-form of X with s,(z) = —(ary, ®(x)) and its magnetic flux
class is equal to B. Therefore we have H,, whose corresponding magnetic flux
class is the given B. We denote it by Hp hereafter.

On the other hand, when a weak I'-invariant 1-form w satisfies a certain condi-
tion (which should be considered to be the condition for w to be a “linear vector
potential” of X), there is the unique linear vector potential A of I' ® R such that
the w is “essentially” the pull-back w4 of A through the standard realization. In
this case, we have a convergence theorem (CLT) of semigroups HZ — e tA4 [§],
where A 4 is the magnetic Laplacian with respect to the Albanese metric. Thus it is
reasonable to call Hp the canonical magnetic transition operator for B € H*(I', R).

Example 1. (the classical Harper operator) The square lattice is the Z*-cover of
the 2-bouquet graph and is realized in R? as the integer lattice. Denote the realiza-
tion by ® : Z2 — R2. Consider the vector potential A = %(fbydx +bxdy) on R? (b
is a constant) whose corresponding constant magnetic field is B = bdx Ady. The in-
duced 1-form wa = f ®* A is a weak I'-invariant 1-form on 72, since v*w—w = ds.
with s,(z) = 1B(®(x),7) and O([w]) = 1 B. Give the transition probability for the
simple random walk, i.e. p(e) = 1/4 for every e € E. The magnetic transition
operator H,, coincides with the classical Harper operator on 72:

(Hop)(m,n)
1
= 272 p(m + 1) + eV 2p(m — 1,m)
+ ef‘/f_lbmm(p(m, n+1)+ eﬁbm/Qw(m, n—1)],

for (m,n) € Z2.

3. GROUP C* ALGEBRAS

In the C*-approach by J. Bellissard in [2], [3], it is important to understand
the Harper operator as an element of the non-commutative torus, the C*-algebra
consisting of the right magnetic translations which commutes with the left mag-
netic translations. Our magnetic transition operators are regarded as elements of
a twisted C*-algebra A(T", B, W) in the following way.

For a weak I'-invariant w, we take s, (v € I') satisfying v*w —w = ds,. The
magnetic flux class B € H?(I', R) is given as (2).

Let W be a finite dimensional Hilbert space and ¢2(I', W) be the space of ¢>
functions of I' with W-valued. The left magnetic translation on £?(I', W) is defined
by

(Mad)(7) = e”V=IB@a" N g(071) (a,y €T, ¢ € £2(L,W))

and the right magnetic translation on ¢2(I', W) by

(Uad)(7) = VIO g(ya), (o, €T, € £2(L,W)).
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It is straightforward to check
Mo Mg = e~ V=IB@O N o
UaUs = eV I8R5
MyUg = UgM,.
Put 4(-,-) = eV=1B(+) and
CT,B,W)={A= ZaaUa finite sum | aq € End(W)}.
Then C(T", B, W) has the x-algebra structure by

(Z aaUa)(Z bpUp) = Z 0(c, B)aabgUagp,
*(Z agUy) = Z ay,-16(c, a Y U,.

The completion of C(T, B, W) in B(¢?(T', W)) with respect to the operator norm is
denoted by A(T", B, W) and is called the reduced twisted group C*-algebra. As T is
an abelian group, it is isomorphic to the full twisted group C'*-algebra.

We shall relate H,, with an element in C(I', B, W) C A(l', B, W) with B = O[w]
and a suitable W. More generally, consider a self-adjoint operator L : £2(X) —
£2(X) formally given, using the kernel function A(-,-), by

(Lo)(x) = Y b, y)e(y)

yeX

which commutes with all magnetic translations M, Here by the magnetic transla-
tion, we mean

Mg : o(-) € 2(X) i e V2@ (a7 12) € 12(X) (p € (X),a,eT,z € X).
Then the condition that [L, Ma] = 0 is equivalent to the condition
(3) h(z,y) = e V2@ p(a e, o ty)eV 152 W),
We call this property weak I'-invariance. The kernel function h of H, is given by
ple)e V19 2 =o(e),y = t(e) with Je € E
h(z,y) = :
0 otherwise

and is weak I'-invariant.

Take a fundamental domain F' of X for the I'-action and put W = (?(F) =
C(Xo), the (#Xo)-dimensional vector space over C. We shall see that a weak
[-invariant operator L on ¢?(X) is regarded as an element of the von Neumann
algebra;

W, B,W) = {A e B(*(L,W)) | [A, My] = 0,Ya € T'}.

We identify ¢2(X) with #2(I', W) by the correspondence;

p € 2(X) e ¢ € (I, W),
p(z) = ef‘/f_ls"(m)gb(a)(xo) (V= axg, Ja e T, Azg € F).

Through this identification, the correspondent operator L : £2(I', W) — ¢2(I', W)
to L : (?(X) — (2(X) is given by

(L) (@)(x0) = > 0(c,y) Y eV T h(y Lag yo)d(am) (o).

~yel Yo E€Xo
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As Ma corresponds to M, under this identification, L belongs to W(T', B, W) if
and only if L is weakly I'-invariant.
By putting

(ay) (o) = > e TYIREO h (g, o)t (o),
yo€Xo

formally we have L = > ver ayUsy.

In the case of the magnetic transition operator H,, a, # 0 if and only if there
exits e € F with o(e) = xg € F and t(e) = yyo, Jxg, Jyo € F. For each g € F,
#E,, < oo, and, for each e € E,, there is a unique ~ satisfying t(e) = yyo. Thus
there are only finite a, which do not vanish. Thus H,, corresponds to an element
of C(T', B,W) C AT, B,W) with W = C(Xp). From now on we identify H,, with
the corresponding element in A(T", B, W).

4. SMOOTH STRUCTURE OF THE FIELD OF C*-ALGEBRA

We put the Albanese metric on I' ® R and identify H?(T', R) with the space
of skew symmetric bi-linear forms B = (b;;) with respect to this flat metric. We
always take the skew symmetric bi-linear form as a representative of an element of
H?(I',R), unless we mention otherwise.

For a given skew symmetric bi-linear form B € H?(I,R), as wee see in §2,
there is the canonical weak I'-invariant 1-form w with Ow] = B, and the magnetic
transition operator Hg = H,,. We ask how Spec(Hp) depends on B when B
changes smoothly. Since each H,, belongs to a distinct A(I", B, W), we don’t look
at an individual A(T", B, W) but a field of C*-algebras A(T", B, W)’s. In this way,
we treat not only H, but also a large class of smooth elements in J. Bellissard’s
formulation [2].

Take a small open subset Q@ C H2(I',R) = RU4=1/2, Pyt

Ph={A= ZaaUS finite sum | a, € C*(Q, End(W))},

where USY’s are formal unitary elements and W = C(Xg). P& is equipped with
x-algebra structure with the function 6 : B € Q — 0(-,-) = eV-1B(y),

UUS = 0(cx, B)Uqj,

a,aUg = Ugaﬂ,

(U = (U =Ug-s
We also consider similarly

Pipy ={A= Z aoUPB finite sum | a, € End(W)},

and its completion Ap with respect to the C*-norm

Alls = sup [n(A)]|
mwERep
where the supremum is taken over all unitary equivalence classes of representations
of P;py on separable Hilbert spaces. Every representation of Pypy or every x-
automorphism of Pypy extends uniquely to Ap.
The C*-algebra A(T", B, W) we have defined in the previous section is nothing
but the right regular representation of Ap and isomorphic to Apg, since I is abelian.
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Therefore our H,, can be regarded as an element of Ap with B = ©[w]. Moreover,
B € Q) — Hp belongs to P& .
Define the evaluation homomorphism

(4) 0B : P& — Pp

in the obvious way. The universal C*-algebra A, is defined as the completion of
PS’)c with respect to the norm

[Alle = sup [lop(A)[5-
BeQ

The evaluation map extends to a *-homomorphism g¢p : Aq — Ag. The canonical
trace 7 : Ag — C(Q) is given by 7(A)(B) = (dim W) trw ag(B) € C. It is shown
that Agq is a continuous field of C*-algebra in [4].

The field Aq has the following smooth structure. We define a family of -
automorphism 7, of Aq parameterized with ( € T¢ =T ® R/T by

(5) e (Ua) = e 2T,

For an element A € P&, we define

&;A: Z\/—laiaaUa (Z: 1,...,d),

ael
A=Y Loy (<i<i<a)
/ oby; - -
a€el
The 0; is a *-derivation and 9;; satisfies
(Sz'j(*A) = *(51'3' (A),

Thus we define the order of 9; to be one and the order of §;; to be two. For example,
differential operator 6°9" is of order 2|s| + |r| for multi-index s and r. The space

¢ (Ag) = {A € Aqg | [5°0"(A)] < 00,0 < |s] < 1,0 < 2[s| + |r| < n}

is dense in Ag. It is shown in [2] that the C'"(Aq) has the norm || - ||;,, which
makes C""(Aq) a Banach x-algebra.

We also define the Sobolev space HY" as the completion of P& with respect to
the norm

| Al := sup sup{r(|0°ATA)Y/2 | 0 < |s| < 1,0 < 2|s| + 2|r| < n}
BeQ

1
=—— sup sup{|a|* (trw [6%aa]?)/2 | 0 < |s| < 1,0 < 2|s| + 2|r| < n},
BeQ

v dim W

where A = " 92. Note that || - [ < C| - ||l1,n- We extend the norms | « ||z for
real number n > 21 > 0, | € NU {0}.
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5. WEYL REPRESENTATION

Let W = C(Xp) and T ® R = R be the Euclidean space equipped with the
Albanese metric throughout this section. B
A representation of Ap on L2 (I @R, W) is given by UZ +— U, : LT @R, W) —
L*(I' ® R, W), a unitary operator:
Uap) (@) =/ PEDp(@ +a)  (pe LX(TQR,W))

where we identify a € I' with the vector a®1 € '®R. These are the right magnetic
translation on L2(I' @ R, W).

This representation has a direct integral decomposition by the right regular
representations A(L, B,W) C B({*(I', W)) of Ag. To be more precise, for ¢ €
LA @R, W) and ¢ € ' @ R/T", we define t¢(p) = V¢ by

Veiyel e/ PN 49) e W,

and associate a family ¥ = {W¢}ccrgr/r of fg (I, W) parameterized by ¢ € T4 =
I' @ R/T'. Then it is easy to check

NP = | el = [ 1/ TP ) P

~el
- / S (¢ + P = / lo(@)[2dz = 62 omm)-
Td’yGF R

Thus L2( @ R, W) = [ £2(L, W)dC.
Let us see the induced operator of £Z(I', W) = £2(T', W) coincides with the right
magnetic translation Uy, : £2(I', W) — £2(I', W). Actually, we have
(1cUa@) () = (1c(e/ POV (- + a))(7) = e/ THPENV/TIBER1D o 4y 4 ).
On the other hand, we get
Un(tc(@) () = /B0 () (y + ) = o/ IOV I (¢ 15 4 ),

Thus Lgﬁa = Uatc.
Therefore the representation of Ap on L?(I' ® R, W) and that on ¢2(I', W) are
the same and

Spec(A: L*(T ® R, W)) = Ugera Spec(A : EE(F, W)) = Spec(A : £2(T, W)).

Instead of U,, we simply write U, : L*(I ® R) — L2(I' ® R) and extend the
right magnetic translation U, to U, on L?(I' ® R) for v € I ® R and express it as
an integral operator in the following way.

Let V' be the orthogonal complement of the null space of B and its dimension
dim(V) = 2k. We write # = 2’ + 2” € V @ V1. Denote a slightly modified right
translation on L2(V)

(Upp)(z) = eV~IB@Y oz 4+ 0') (z€V CT®R,0el QR)

by the same symbol. Note that B(z,v) = B(x,v’) as v—v’ belongs to the null space
of B. It still satisfies the relation U,U,, = 0(v,w)U, s and acts on L*(V,W) C
L* TR, W).

For a while, we work on L?(V,W). So, instead of writing 2/ etc. we use
x etc. Since BB is a positive definite symmetric matrix on V, it defines the
inner-product (x,y)p = (z,|B|y)o and the volume form dpz = B A--- A B of
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V. Put po(x) = 72 3175 (o] 5 = 1) and LF(V, W) = Span{Uy o }veren C
L2(V,W) C L2(T ® R, W).
Define P : L?(V,W) — L*(V,W) by

(Poe) =7 [ (U yeo(aip.
By definition, the image P(L?*(V,W)) is contained in LZ(V, W).
Lemma 5.1.
Po(z) =7 "2, U—spo) 5 = 7 **(Usp. 20) 5
PU, =U,P
Popo = o
Proof. First we observe that U_,¢o(z) = U_»@o(y) and therefore

Po(x) =n */? /V e U_apo(y)dpy =7 */2 (0, U_spo)) b-

Next by using
(Uvp, )8 = (0, Uv¥) B,

we have
Po(x) = 772U, 00) B
and also

(PU)(2) =7 ¥ 2(Uop, U—zpo)p = 7 (0, U_,U_sipo)
=1 2, 0(v,2)U_(vraypo)) B = 7 *20(2, 0) (i, U~ (o 0y p0)) B
=7 520(2, 0) (Ut 00) B = (U Pp) ().
We can check Pyy = ¢g by direct calculation. O
Lemma 5.2. P is the orthogonal projection onto L3(V,W).

Proof. From the above lemma, for ¢ € L3(V,W)+ C L?*(V,W), Py = 0 and for
every elements ¢ = U, pq, we see that Py = PU,pq = Uy = . O

The kernel function of P is p(z,y) = 7 */2U_,p0(z) = p(y, ).
We define the Weyl representation, a projective representation of T®R, 7, (Uy) =
PU, : L2(V,W) = L3(V,W) for v e T® R, i.e.
(7 (Un)p) () = eVTBED o 1),
It can be written as
(mw(Us)@) () = 7 ¥ (Uuip, U_atp0 ) B
=7 "2, U_yU_sp0))
_ 7.‘_7]6/2 <<()07 6\/7_13(1/790)(]7171;'@0»3

_ ﬂ_flc/Qe\/f_lB(x,v)/ e\/le(y,x—H})(pO(y I v')@(y)dBy.
1%
By the symplectic Fourier transform formula, we have the expression

(6) Tu(Uy) = (47r)7k/ VIO B BTy e
\%
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where T¢ : L3(V. W) — L3(V,W) is the integral operator with the kernel function

te(x,y) = mFedVTIBEY=0) o= ily=alb o —iltateh

T¢ is hermitian because t¢(z,y) = te(y,x). Putting o = Uspg, we see Tep =
2
(¢, pe) B, 1.e. a one-dimensional projection. Putting v = 0 in (6),

™ (4w [ Tednt = Mz,
By easy computation, we have

Lemma 5.3.

tr(TeTe) = // te(z, y)tc(y, v)dprdpy = eTIECl,
120+€1%
tr(Tz) = ﬂfk/e* T dgr = 1.
We see in particular that , : A — tr(7,A) is a state of B(LZ(V, W)).

6. SPECTRAL GAP

Now we want to compare the spectrum of Hg, and Hp, when By = and B; are
close. For that let Q be a small neighborhood of By and write B’ = By + hB €
with a small h € R. Let V be the orthogonal complement of the null space of B in
IF'oRandz=2"+2" € Vo VL Put rankl = d and dim V = 2k. Consider the
representation 7, of Ayp on LE(V, W) given by

(h(UB))(@) = (ru(UE- )o) (@) = /B0 (0 1 \ha!) (o €T),

where, in the last two terms, we identify o € I' with the vector a ® 1 € I' ® R and
consider \/Ea, Vha! as vectors in I' @ R. It is easy to check

Wh(Uf)ﬂ'h(UBB) = eﬁhB(“’ﬁ)wh(U(lBﬂ). (o, BET).

We identify Ap: with the subalgebra A’ generated by {UZ° @ m,(UB)}qyer of
Ap ® B(L2(V,W)) by the correspondence UB" — UBo  m,(UB).
Proposition 6.1. The x-homomorphism v from Ap to A’ defined by v : Uf, —
UBo @ 7, (UB) is an isomorphism.
Proof. It is enough to show that ¢ is injective. Recall that the x-automorphism
ne : Ap, — A, is given by

UC(UQBO) _ 6*27“/*_1((,04) UaBo’
where ¢ € ' ® R/I". By using it, we also define the x-automorphism
ﬁC =1¢® 1: ABO ®B(L3(V W) - ABD ®B(L(2)(‘/7 W))
By definition,
(UL © m(U2)) = e KO UEe @ my (U7)

and thus e ot = to7je, with ¢ : Apr — Apr.
First, we show that ¢ is injective when it is restricted in Pg/. Actually, for a
finite sum A = 3" a, UL with 1(A) = 0, we have

0= 1c(L(A)) = u(((A) = Y age VTR B @ 1, (UL,
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By computing
e TN = U @ m ),

we get a, = 0 for arbitrary v € I'. That is A =0 in Pp.
For a general A € Ap/ with «(A) =0, we use an approximation argument. Take
a series {fn € C(T9)} of trigonometric polynomials: i.e.

fn = Z Cnne%\/—_l('y,O (cn,y = const. ),

[7/<Nn
such that
1. fn>0,
2. )
Y771 n — 17
VOl(Td) Td f
3. for § > 0,
lim fn=0.

e Jg =8

A series of such {f,} is given by the Fejer polynomials (see [2]). Let A € Ap such
that ((A) = 0 and put

An =g (A) = [ £ (Ome(ayic

= Y cunaa / 2V 100 B

d
a |y|<N, T
7
= E cn7,ya,yU5 € Ppr.
[v[<Nn

Since ¢ o ¢ = )¢ © t. we obtain

((An) = 1615, () = 15, 004) = [ Fa©ice(4)) =0

As ¢ is injective on Pps, we conclude that A,, = 0.
On the other hand,

1A=l =1 [ 5O =l < [ 1014 nc(a)]

< / Fa(OIA = ne(AD+ 204 [ fa(e) =0,
[¢]<o [¢[>0

as n — o0o. Therefore

[A]l <lim A, — Af| + [[An] =0,
i.e. A =0. Thus we have proved ¢ is injective on Ap. O

Let A € H;,(Agq) with I > 0 and n > d/2 + 2 such that
/ 2™V (AVdC = ag.
I'oR/T

Thus A is formally written as A = Y a US!. We write op/(A) = A(B') , where
o' : Aq — Ap is the evaluation map (4). It can be written as
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Lemma 6.2.

(3) A = ™ |

A(h T:d
v (a£)® %va

where .
A(h,é.) — Zaa(B/)e\/__lB(a7§)€§L‘a ‘BU()CBO = ABO'
Proof. Let
AB) =" aa(BYWUE @ m(UP) € Ap,  BILE(V,W)).

By using the expression (6), we have

A(B) = (47T)*k/ " n (B @ oV B0 A VR T, g e
14
= (47r)”°/ 3" aq(B)eV BV el B @ Tdpe
\4
= (4 —k B’ V=IB(a,€) 2’15 77Bo T
(4mh) /‘/Zaa( Je e2 UJ° ® %dgf

= (47rh)*k/ A(h, &) ® T ¢ dgt.
v ND
O
By putting the *-automorphism 77? : Ap, — Ap, defined by n¢(UP0) = e\/__lB(o"é)Ufo,

«

we see A(h, &) = ngB(A(h, 0)) and therefore Spec(A(h,&)) = Spec(A(h,0)) does not
de(pen()i on¢. Put E(B') = ||[A(B')||, E(Bo) = ||A(Bo)||, and E(h,&) = ||A(h, )| =
E(h,0).

Lemma 6.3. Let A € H;n(Aq) for 1 >0 and n > d/2, formally written as A =
ZaaUg, and let Ay = Z\a\<N o Uq. For0<v<n-— %,
A= An[| < CN"7[[Alln, .-
Proof. Noting that U,’s are unitaries, i.e. |Uy|| = 1, we obtain
IA=An| =1 > aalal < Y laallUall= D laal-
la|>N la|>N la|>N
By Holder inequality, we have
Z laa| < ( Z |a|*4r>1/2< Z ‘a|4r|aa|2>1/2.
la|=2N la|>2N la|>N
If 4 — d = 2v > 0, we have

Z || 47 < / |z|~*"dx = Cv=IN~2".

la|>N z€RY,|2|>N
On the other hand, asn > 2r =v +d/2 and [ > 0,
> JalMaal® < CllAll3,,, -
la|>N

Thus we have shown
|A—AN[ < ON""|| Al

forogygn—%. O
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Lemma 6.4. Let A € H;,(Aq) withl > 1 and n > %—}—2 and 0 < v §n727§
and AN =3 4 1<n aqUSt, An(By) = 0_(AN). Then we have

|AN (7, 0) — An(Bo)|| < Ch|| BN~z
where || B||> = trw BB* =37, bj;.

HAHHZ,TL’

Proof. Since UZ¢’s are unitary, we have

9) ANn(h,0) = An(Bo) < Y lllaa(B e s —an(By)UL|
la|<N

/12
/’Zb daa Bo—i—sB)—i-%aa(Bo—i—sB)

I_y,‘a/|2

i e2!*1B(g

I 5bi; 2
J

|a\<N

RIB| 2
< h|Blle z ¥ sup( Z [daa| + |a|2‘aa|>-
2 Yajl<n
The first term of the R.H.S. of (9) is estimated as in the Lemma 6.3. Namely, for
[>1and n>2+2r withdr —d =2v,
Y 16aa] < ONT| Al ,.
la|<N

In our case, 2+ 2r =2+ v+ d/2 < n is fulfilled.
Now for the second term of the R.H.S. of (9), from the Holder inequality, it
follows

> JoPlaal < (32 (o + 072 ) (3 (ol + 17 aef?)

lo|<N la|<N la|<N
We also get
S (o e [ e <on
la|<N z€R4 2| <N

with 2v = 4(r — 1) — d > 0. One the other hand, for { > 0 and n > 2r,
Y (lal® +1)*aal* < Cll Al .
la]<N

Again, in our case, we have 2r = v+ 2 + d/2 < n. Thus we have the assertion. [

From (7), it follows that
(10) B(B) < Bl.O)(4eh) ™ [ T ol = B(h.€)

Now we take N = O((h| B||)~'/?). Then from Lemma 6.3, (10) and Lemma 6.4,
we have

E(B") < Ex(B') + bl Bl All2..,
(11) < Ex(h, 0) + 0l Bl All#, .
< E(Bo) + hlIB[[[All ..

Lemma 6.5. Forl <1 andn > 2+ %,
E(B') > E(By) — h||All3,.,
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Proof. For an arbitrary small e > 0. there is a state w, of Ap, such that w.(A(h,0)) >
E(h) —e. We also define the state Q¢ (A) = tr(TT/g__A) of B(LE(V,W)).
h

(e )(AWB) = (4mh) ™ [ (A1, €) 1Ty T g

In—¢1%

= (4mh)~* / we(A(h, €)™ T dpe
:(47Th)_kZaa(B’)(g%\M%we(UaBo)/e\/__lg(a’g)e_\nzilzs dpt

— Z (o (B)e 31015 V=TB(00) (B0,

By the same argument in Lemma 6.4, we have the assertion. O

Put (11) and Lemma 6.5 together, we obtain

Theorem 6.6. Let A be a self-adjoint element in Hq g/242+¢ (€ > 0) and E(B) =
|A(B)|| for B € Q2. Then there is a positive constant C(€) such that

|E(B1) = E(B2)| < C(6)[[All#t, /01041 B1 = Ball;
where | B||* = trw (BB*).

7. FINAL REMARK

One would wonder if there is actually a spectral gap for the Harper operator on a
crystal lattice. There are some examples of crystal lattices which have gaps, at least
for small magnetic flux. Because the band edges are continuous in magnetic flux, it
is enough to find a crystal lattice whose transition operator (i.e. the magnetic flux
B =0 case) has gaps. Those examples are provided by Shirai [10] in the following
way.

Let X be a regular graph of degree q. We construct a new regular graph £X
from X. The vertices of £LX are the un-oriented edges of X and two vertices e;
and ey of £LX are adjacent when e; and ey are incidental as the edges of X. Thus
the set E(LX) of all oriented edges of LX are given by

{(615 62) | e1,€e2 € Ea €2 7é e, t(el) = 0(62)}5
and the origin 0(e1, e2) = e1 and the terminus t(eq, e2) = ea.
The £X is called the line graph of X (see Fig.1). It is easy to see that £X is
a regular graph of degree 2(¢ — 1) and that £X is the I'-covering graph of £Xg
when X is the I'-covering graph of Xy, so the line graph £X of a crystal lattice
X is again a crystal lattice. T. Shirai computed the spectrum Spec(Ag(x)) of the
Laplacian Az (x) of LX to find

q q
Spec(Ar(x)) = A —1) Spec(A(x)) U {q——l}’

where ﬁ is the eigenvalue of infinite multiplicity.
Define the crystal lattice £* X inductively by £ X = £(£" 1X). It is the regular

graph of degree 2"(q — 2) 4+ 2 and has
n—1

Spec(Azn(x)) = o 5 Spec(Ax) U U {

2(2%(q —2) +2) }
q—2)+ o

2(qg—2)+2
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the zquare lattice itz line eraph

FIGURE 1. the square lattice and its line graph

Note that Spec(Ax) C [0, 2] and that the right most edge of

. . . 2q
coincides with the smallest eigenvalue (=3T3

Spec(Ax) is equal to 2. There are gaps between two eigenvalues next to each
other. The transition operator L has gaps as L =1 — A.

Qn(qgg)_t'_g Spe(‘(Ax)
when the right most edge of

FIGURE 2. the square lattice Z2
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FIGURE . the triangular lattice

FIiGURE . the hexagonal lattice

EFERENCES

. Bedos, n ntrod ton to ds rete a net apa an o mon o tat e tor.
J. eom. hy. ,20 -2 2.

2 J. Bellissard, ps ht ontn ty o ap o ndares or o stadter e pe tra, omm.

Math. hys. , - .
J. Bellissard, ap a e n theore or hrodn er operators, in From Number Theory to
hysics edited by M. Waldschmidt et al, pringer- erlag, 2, -

A. Barelli, J. Bellissard, J. Flec inger, 2 oheetrons na n or a net ed
M. . hoi, . lliott and N. i, a ss poyno as and the ratat ona a e ra,
Inv. Math. 0,22 -2
. Harper, n e and oton o ond ton eetrons m a n or a net ed.
roc. hys. oc. Lon. , 7T- 2.

B. Hel er and B. ostrand, nayse se ass e por e aton de arper II,
Bull. oc. Math. France , Memoire 0 0.
M. Kotani, entra t theore or a net transton operators on a rTysta att e,
preprint.
M. Kotani and T. unada, tandard rea at ons o tysta att es a har on aps, Trans.
Amer. Math. oc. 2000 , -20
T. hirai, he spe tr o n ntere ar ne raphs, Trans. Amer. Math. oc. 2000 ,

-2
T. unada, d s rete ana o e o per od a net hrod n er operators, ontemporary

Math, L2 -2



18

AT AT CA
A A A
a address:

STT T

spectra of magnetic transition operator

RA AT C C Cc s

RST

A BA



