Why does the Pythagorean Theorem Fail in Spherical Space?

By Jessica, December 2002
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This is a three-day lesson plan for juniors in Pre-Calculus.  The lesson includes a set of definitions, a worksheet, a quiz, and a list of axioms adapted for Spherical Space.  Jessica designed it as a project for Non-Euclidean Geometries (MAT 636) at Lehman College, CUNY, with Professor Sormani.  Please feel free to use these sheets and lessons for your high school classes.
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Lesson Day 1

Prior Knowledge:  Students already know how to: (in Euclidean Space)

· Find the shortest distance between two points

· Measure an angle and a line segment

· Describe intersecting lines, parallel lines, circles, and a sphere

Instructional Objective:  Students will be able to:
· Visualize and draw three dimensional objects

· Compare and contrast the basic properties of plane and spherical geometry

· Define spherical geometry as the study of a system of points and great circles.  

· Define and draw lines on spheres

· Explain what a geodesic and antipodal points are

· Explain why there are no parallel lines on a sphere

· Explain what perpendicular lines do in relation to a sphere

Materials Needed:  (for a class of twenty students)  

· One big solid color beach ball (similar to the one we use in class)

· A dry erase marker (to write on the beach ball, but can be washed off)
· 20 Styrofoam balls (about the size of a softball)
· At least 60 rubber bands (big enough to fit around the ball)
· At least 20 pieces of string (big enough to wrap around the balls)

· Masking tape

· Rulers 

Delivery of Instruction: 

1. Explain to the students that over the next couple of days we will be studying Spherical Geometry.  Ask students what a sphere is and to compare it to a plane.  

2. Definition:  Sphere - is a set of points in three-dimensional space equidistant from a point called the center of the sphere.  

3. Point out to the students that we will only be dealing with the surface of the sphere because we cannot “dig” through the sphere to get from one point of the surface to the other. 

4. Hand out the materials to the students

5. Have them locate any two points A and B on their sphere.

6. Ask how many paths there are from A to B?

7. Using the masking tape have the students model a path.  What happens to the tape?  (It crinkles because the surface of a sphere is not flat.)  Explain how the flat lines that we are use to, cannot happen on a sphere.    

8. Use the string to show several curved paths from A to B.  Measure the length of each string to the nearest millimeter.  Make a conjecture about the shortest distance between two points in spherical space.

9. Wrap your string from A through B around the sphere until you return to point A.  What appears to be true about the shortest path from point A to point B?  What is true about the relationship between the sphere and the string?  (The string forms a great circle that divides the sphere in half.)

10. Show the students that a rubber band is the best method of showing the shortest path because it hugs the sphere.  

11. Ask students if they know what lines on a sphere are called.  Lines are called geodesics, which are great circles, like the equator.

12. Chooses two new points C and D so that they appear to be directly opposite each other on your sphere.  These are called antipodal points on of the sphere.  (Like the North and South pole)  

13. Draw a figure showing the sphere and points C and D.

14. In how many different ways can you measure the shortest path from C to D?  (Infinitely many great circles pass through polar points) 

15. Ask students what parallel lines are.  (lines that never intersect)

16. Ask students if parallel lines exist on a sphere.  Remind them that lines continue all the way around the sphere back to its’ starting point. 

17. Since all great circles intersect all other great circles,

 parallel lines do not exist on a sphere.

18. Ask students what perpendicular lines are.  (lines that meet at a 90( angle)

19. Ask students if perpendicular lines exist on a sphere.  (Yes they do)
20.  Explain what a 90( angle does to a sphere.  (The lines cross twice, they form 8 right angles, and they cut the sphere into 8 equal pieces.)
Closure:


Explain what a line is on a sphere. 

Extended Practice:

Have students compare and contrast lines in Euclidean Geometry to lines in Spherical Geometry by completing the worksheet.  (Students should be able to fill in what the italics say)

Note:  This lesson may be a little long; you may want to divide it into two days.  If you do, assign the definitions for homework the first night and the table the second night.  

Name:______________________________________ 
Date:_________________

Teacher:     


Advance Math 12

Period: _______________

Spherical Geometry Worksheet #1

Define:  (see page of definitions - worksheet #3)

1. Sphere: _____________________________________________________

________________________________________________________________________________________________________________________

2. Antipodal Points:  _____________________________________________

________________________________________________________________________________________________________________________

3. Line: _______________________________________________________

________________________________________________________________________________________________________________________

4. Great Circle: _________________________________________________

____________________________________________________________________________________________________________________________________

5. Geodesics: __________________________________________________ ________________________________________________________________________________________________________________________

6. Parallel Lines: ________________________________________________

____________________________________________________________________________________________________________________________________

7.  Perpendicular Lines: ___________________________________________

____________________________________________________________________________________________________________________________________

Name: _____________________________________ 
Date:_________________

Teacher: 


Advance Math 12

Period: _______________

Spherical Geometry Worksheet #2


Lines on the Plane


Great Circles (lines) on the Sphere


1.  A  _____line segment__________
1.  An __arc of a great circle    ____


     is the shortest path between two 
     is the shortest path between two 

     points. 




     points.

2.  There is a unique _straight line __
2.  There is a unique     great circle____
passing through any two points.
passing through any pair of

antipodal points.                                                      

3.  A straight line never ends/infinite_.
3.  A great circle is     finite__________







     because it      returns to its original_

     ______starting point____________.
4.  If three points are collinear then 
4.  If three points are collinear then  

     only one point is in between the_____     
______any one of the three  points is_____ 

     ____other two____________________. 
     ___between the other two____________.
5.  Perpendicular lines intersect at 
5.  Perpendicular points intersect at

     _____one______ point(s).

     ____two________ point(s).

6.  Perpendicular lines form   four    
6.  Perpendicular lines form   eight____

     right angles.                                        right angles. 

Name: _____________________________________ 
Date:_________________

Teacher: 


Advance Math 12

Period: _______________

Spherical Geometry Worksheet #3

DEFINITIONS

1. Antipodal Points – are opposite points on the sphere.  A good example of antipodal points is the north and south poles on the earth.

2. Circle – a set of points in a plane equally distant from a fixed point called the center.

3. Geodesics:  are the shortest distances between two points on the sphere.  They are line segments along a great circle.

4. Great Circle – When a plane passes through the center of a sphere, cutting the sphere in half.  Considering the Earth, a great circle would be the equator.  The parallels of latitude are small circles, and lines of longitude are great circles.
5. Hypotenuse – in a right triangle, the side opposite the right angle.

6. Length or Measure of a Line Segment – is the distance between its endpoints. 
7. Line – is an infinite set of points that extends endlessly in both directions.  A set of points may form a curved line or it may form a straight line.  A straight line is the set of points that can be arranged along a ruler or stretched string.

8. Line Segment – is a set of points consisting of two points on a line, called endpoints, and all points on the line in between the endpoints.   

9. Parallel lines - are lines that do not intersect. 
10. Point – indicates a place or position in a space, it has no length, width, or thickness.  It is represented by a dot and is usually named by a capital letter.

11. Right Angle – an angle whose measure is 90(.

12. Right Triangle – a triangle with a 90( angle. 
13. Sphere  - is a set of points in three-dimensional space equidistant from a point called the center of the sphere. 

14. Spherical Geometry – the branch of geometry which deals with a system of points, great circles (lines), and spheres (planes) 
15. Triangle – is a figure formed by the segments determined by three noncollinear points.  The three segments are called sides and the endpoints are called the vertices. 

Lesson Day 2

Prior Knowledge:  Students already know how to: (in Euclidean Space)

· Find the shortest distance between two points 

· Measure an angle and a line segment

· Describe intersecting lines, parallel lines, circles, and a sphere 

· That the sum of the angles of a triangle equals 180(
· Apply and use the Pythagorean theorem with right triangles 

· Prove the Pythagorean theorem in coordinate geometry

· Define and draw lines on spheres

· Explain what a geodesic and antipodal points are

· Explain why there are no parallel lines on a sphere

Instructional Objective:  Students will be able to:
· Visualize and draw three dimensional objects

· Compare and contrast basic properties of plane and spherical geometry

· Define spherical geometry as the study of a system of points and great circles.  

· Explain what perpendicular lines do in relation to a sphere

· Explain how to draw triangles on a sphere

· Explain how to measure sides of a triangle on a sphere

· Explain why Pythagorean Theorem fails in spherical space

Materials Needed:  (for a class of twenty students)  

· One big solid color beach ball (similar to the one we use in class)

· A dry erase marker (to write on the beach ball, but can be washed off)
· 20 Styrofoam balls (about the size of a softball)
· At least 60 rubber bands (big enough to fit around the ball)
· At least 20 pieces of string (big enough to wrap around the balls)

· Rulers 

· Protractors

Motivation:  

Rich decided to take a morning hike.  He first walked 5 miles North, then 5 miles East, and then 5 miles South.  Rich was surprised to find himself back at his house.  How could this happen?  
Delivery of Instruction:

1. Spot-check the students’ homework.

2. Review the definitions and the table.

3. Handout the materials.

4. Go over the motivation.  (It happens because Rich was on the North Pole.)

5. Ask the students if they know how to construct a triangle on their sphere.

6. Using rubber bands let them experiment with different size triangles.  

7. Ask students if anyone could make an isosceles or equilateral triangle, and how do they know it is an isosceles or equilateral triangle.  (By measuring the sides using strings, rubber bands, and rulers.)

8. Tell the students if A and B are two points on the sphere, then the distance between them is the distance along the great circle connecting them.

9. Ask the students if any of them created a right triangle, and how do they know that it is a right triangle.  (It has a 90( angle)

10. Review Pythagorean Theorem   

Pythagorean Theorem says:  If a triangle is a right triangle, then the square of the length of the longest side (the hypotenuse) is equal to the sum of the squares of the other two sides (the legs).




  hypotenuse

         leg



(leg)2 + (leg)2 = (hypotenuse)2
         



leg

11. Have students create a right triangle and check to see if the Pythagorean theorem works on their right triangle. 

12. Discuss their results.

13. See if any students created a triangle with two right angles.  If not ask them if it is possible.  (It is)

14. How about three right angles?  (yes)

Closure:

Explain Why the Pythagorean Theorem fails on the sphere?  (because they found one case where it does not work)

Extended Practice:

 
Study for a True or False Quiz the following day.

Enrichment Project:

Take your favorite geometry book, and find its list of axioms.  Which of the axioms are true for spherical space?  If an axiom is not true for  the spherical space rewrite it so that it is true.  (See worksheet #5)

Name:  __________________________________ Date: ___________________

Teacher:


Advance Math 12         Period: __________________

Spherical Geometry Worksheet #4

True or False 60 point QUIZ

Write out the word on the line provided that best describes the statement.  Each question is worth 3 points and no partial credit will be given.

_____T_____ 1.  The Equator is called a great circle of Earth because it divides 

the Earth into two equal halves.

_____T_____ 2.  The shortest point between two points on a sphere is the arc 

of a great circle.

_____F_____ 3.  If three points are collinear on a sphere the only way they may 

be arranged is B must be in between A and C.

_____T_____ 4.  If two great circles intersect to form a right angle, they are 

perpendicular.

_____F_____ 5.  On a sphere there is only one distance that can be measured 

between two points.  (they are not antipodal points)

 _____F_____ 6.  A great circle is infinite.

_____T_____ 7.  Every two unique lines on a sphere must cross in two points.  

_____T_____ 8.  On a sphere any two distinct points determine exactly one line.  

_____T_____ 9.  Perpendicular great circles intersect at two points.

_____F_____ 10.  Two perpendicular lines on a sphere create four right angles.

_____T_____ 11.  A triangle on a sphere may have three right angles.  

_____T_____ 12.  Antipodal points are on opposite sides of a sphere.

_____F_____ 13.  The Pythagorean Theorems holds true on a sphere.

_____F_____ 14.  On a sphere if two lines are perpendicular to a given line the 

two lines are parallel.  (see diagram)     m
       n               

                                                     





    l

_____T_____ 15.  I enjoyed the lessons on Spherical Geometry. (  

**EXTRA CREDIT**  

On the back:  Explain why a rectangle does not exist on a sphere

Name: ______________________________________ Date: ________________

Teacher:__________________________

 Period: _______________

Spherical Geometry Worksheet #5

ADAPTED AXIOMS FOR SPHERICAL SPACE

Incidence Axioms

I1:  Given two distinct points P, Q, there exists a line incident with P and Q.  The line is unique if PQ < (.

I2:  For every line l there exist at least two distinct points incident with l.

I3:  There exist three distinct points with the property that no line is incident with all three of them.

I4:  If PQ  = ( then P is on any line through Q

Measurement Axioms for Line Segments

S1:  To every pair of points A and B there corresponds a real number x ( [0, (] such that x = 0 if and only if A = B

S2:  There is a one-to-one correspondence between the points of a line l and the set 

[0, 2() such that, if to point A corresponds number a and to point B corresponds b, then AB = |b – a| mod 2(
Betweeness Axioms

B1:  If B is between A and C, then A, B, and C are three distinct collinear points and B is between C and A, and AC < (.

B2:  Given two distinct points B and D, let l be a line incident with B and D.  Then there exist points A, C, and E such that B is between A and D, C is in between B and D, and D is between B and E

Measurement Axioms for Angles

A1:   To every angle <ABC corresponds a unique real number x such that 

      0 ( x ( 180.  Further,

(i) 
x = 0 if and only if BA = BC

(ii) x = 180 if and only if BA and BC are opposite rays.

A2:   Let AB be a ray and H one half-plane determined by line through points A and B.  Then for every x between 0 and 180 there is only one ray AC, with C(H such that m(<CAB) = x.

A3:  If ray AD divides angle <BAC, then m(<BAD) +m(<DAC) = m(<BAC)
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