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1. Overview

My �eld of research is Low-dimensional Topology : The geometry and topology of 3-
and 4-dimensional manifolds, and their knotted and immersed submanifolds. In collabo-
ration with Peter Teichner (UC Berkeley), I have developed a theory of Whitney towers,
which addresses the question of which maps of 2-dimensional surfaces in 4-manifolds can
be deformed to embeddings. In dimensions greater than 4, the solution to this prob-
lem is well-understood and has led to many powerful classi�cation theorems for high-
dimensional manifolds. The invariants associated to Whitney towers are combinatorially
de�ned, but are intimately connected to elements of Algebra and Analysis, including
Lie algebras, iterated commutators, von Neumann signatures and the Kontsevich inte-
gral. Some details on the work and work-in-progress described in this brief overview
([19, 20, 21, 22, 24, 25, 26, 27]) will be given in sections 2, 3 and 4 below.
The classi�cation theorems for high-dimensional manifolds exploit a fairly free \
ow"

from algebra to topology, thanks in large part to the existence of generically embedded
Whitney disks, which are used to eliminate singularities by guiding motions of subman-
ifolds called Whitney moves, ([31]). This 
ow breaks down in dimensions less than or
equal to 4 because of singularities in and among the Whitney disks and the failure of
the Whitney move ([15]) is a de�ning characteristic of low-dimensional topology which
is \measured" by the invariants associated to Whitney towers.
Whitney towers are built from layers of Whitney disks (pairing up higher order singu-

larities { see Figure 1) and are parametrized by unitrivalent trees which determine group
elements that represent obstructions to embedding and/or separating the underlying
immersed surfaces. These higher order intersection trees provide a topological inter-
pretation of the (analytically de�ned) Kontsevich integral ([25]), and the (algebraically
de�ned) Milnor invariants for links in the 3-sphere ([26, 27]). (Work-in-progress sug-
gests that intersection trees are sensitive to certain torsion which is not detected by the
Kontsevich integral and Milnor invariants.) Whitney towers also provide a geometric
characterization of the Arf invariant of a knot ([21]), and are related to Cochran, Orr
and Teichner's recently discovered (n)-solvable �ltration of the classical knot concordance
group ([2]).
A primary goal of the general theory of Whitney towers is to extract invariants from the

intersection trees that only depend on the homotopy classes of the underlying immersed
surfaces in an arbitrary 4-manifold. This has been accomplished (jointly with P. Teichner)
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for the special case where the surfaces are 2-spheres gotten by attaching handles to a 4-
ball ([25]), and in general for the next higher order after the usual (Wall) intersection
invariant ([24]).
A key idea here is that the natural target for the invariants are certain groups of dec-

orated trees (enhanced Feynman diagrams) whose generators actually sit as embedded
subsets of the Whitney towers. The group relations correspond to geometric manipula-
tions of Whitney towers, and include the usual Jacobi and antisymmetry relations of a
Lie algebra. More subtle relations are determined by Whitney disk framings and lower
order intersections, and further decorations come from the fundamental group of the am-
bient manifold. An important part of my on-going research is to develop computational
and theoretical methods for working with these groups.

Figure 1. Part of a Whitney tower in a 4-dimensional manifold. The
apparent arcs in the �gure are sheets of surfaces that extend into the `past
and future' of a fourth `time' coordinate.

2. Summary of published work

Here are abstracts of my published papers, and one accepted paper.

� Algebraic linking numbers of knots in 3-manifolds, Alg. and Geom. Topology 3
(2003) 921{968.
Relative self-linking and linking \numbers" for pairs of oriented knots and

2{component links in oriented 3{manifolds are de�ned in terms of intersection
invariants of immersed surfaces in 4{manifolds. The resulting concordance in-
variants generalize the usual homological notion of linking by taking into account
the fundamental group of the ambient manifold and often map onto in�nitely
generated groups. The knot invariants generalize the type 1 invariants of Kirk
and Livingston ([13, 14]) and when taken with respect to certain preferred knots,
called spherical knots, relative self-linking numbers are characterized geometri-
cally as the complete obstruction to the existence of a singular concordance which
has all singularities paired by Whitney disks. This geometric equivalence rela-
tion, called W{equivalence, is also related to �nite type 1{equivalence (in the
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sense of Habiro ([10]) and Goussarov ([9])) via the work of Conant and Teich-
ner ([5, 6]) and represents a \�rst order" improvement to an arbitrary singular
concordance. For null-homotopic knots, a slightly weaker equivalence relation
is shown to admit a group structure. (This program will be further pursued in
[22, 23].)

� Whitney towers and Gropes in 4{manifolds, Trans. Amer. Math. Soc. 358
(2006), 4251-4278.
Many open problems and important theorems in low-dimensional topology

have been formulated as statements about certain 2{complexes called gropes (eg
[8, 28, 29]). This paper describes a precise correspondence between embedded
gropes in 4{manifolds and the failure of the Whitney move in terms of iterated
`towers' of Whitney disks. The `
exibility' of these Whitney towers is used to
demonstrate some geometric consequences for knot and link concordance con-
nected to n-solvability ([2]), k-cobordism ([11]) and grope concordance. The key
observation is that the essential structure of gropes and Whitney towers can be
described by embedded unitrivalent trees which can be controlled during surg-
eries and Whitney moves. It is shown that a Whitney move in a Whitney tower
induces an IHX (Jacobi) relation on the embedded trees.

� Simple Whitney towers, half-gropes and the Arf invariant of a knot. Paci�c
Journal of Mathematics, Vol. 222, No. 1, Nov (2005).
A geometric characterization of the Arf invariant of a knot in the 3{sphere is

given in terms of two kinds of 4{dimensional bordisms, half-gropes and Whitney
towers. These types of bordisms have associated complexities class and order
which �lter the condition of bordism by an embedded annulus, i.e. knot con-
cordance, and it is shown constructively that the Arf invariant is exactly the
obstruction to cobording pairs of knots by half-gropes and Whitney towers of
arbitrarily high class and order, respectively. This illustrates geometrically how,
in the setting of knot concordance, the Vassiliev (isotopy) invariants `collapse' to
the Arf invariant.

� Higher order intersection numbers of 2{spheres in 4{manifolds, (with P. Teich-
ner), Alg. and Geom. Topology 1 (2001) 1{29.
This is the beginning of an obstruction theory for deciding whether a map

f : S2 ! X is homotopic to a topologically 
at embedding, in the presence of
fundamental group and in the absence of dual spheres in a topological 4-manifold
X. The �rst obstruction is Wall's well known self-intersection number �(f) which
tells the whole story in higher dimensions. Our higher order obstruction �(f) is
de�ned if �(f) vanishes and has formally very similar properties, except that it
lies in a quotient of the group ring of two copies of �1X modulo S3-symmetry
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(rather then just one copy modulo S2-symmetry). It generalizes to the non-
simply connected setting the Kervaire-Milnor invariant de�ned in [8] and [20]
which corresponds to the Arf-invariant of knots in 3-space.
We also give necessary and suÆcient conditions for homotoping three maps

f1; f2; f3 : S
2 ! X to a position in which they have disjoint images. The obstruc-

tion �(f1; f2; f3) generalizes Wall's intersection number �(f1; f2) which answers
the same question for two spheres but is not suÆcient (in dimension 4) for three
spheres. In the same way as intersection numbers correspond to linking num-
bers in 3-space, our new invariant corresponds to the Milnor invariant �(1; 2; 3),
generalizing the Matsumoto triple to the non simply-connected setting.
Finally, we explain some simple algebraic properties of these new cubic forms

on �2(X). These are straightforward generalizations of the properties of qua-
dratic forms as de�ned by Wall [30, x5]. A particularly attractive formula is

�(f; f; f) =
X

�2S3

�(f)�

which generalizes the well known fact that Wall's invariants satisfy

�(f; f) = �(f) + �(f) =
X

�2S2

�(f)�

for an immersion f with trivial normal bundle.

� Whitney towers and the Kontsevich integral (with P. Teichner), Proceedings of a
conference in honor of Andrew Casson, UT Austin 2003, Geometry and Topology
Monograph Series, Vol. 7 (2004), 101-134.
An obstruction theory for embedding 2{spheres into 4{manifolds is developed

in terms of Whitney towers. The proposed intersection invariants take values
in certain graded abelian groups generated by labelled trivalent trees, and with
relations well known from the 3{dimensional theory of �nite type invariants.
Surprisingly, the same exact relations arise in 4 dimensions, for example the
Jacobi (or IHX) relation comes in our context from the freedom of choosing
Whitney arcs. We use the �nite type theory to show that our invariants agree
with the (leading term of the tree part of the) Kontsevich integral in the case
where the 4{manifold is obtained from the 4{ball by attaching handles along a
link in the 3{sphere.

� Jacobi relations in low-dimensional topology, (with J. Conant and P. Teichner),
to appear in Compositio Mathematica.
The Jacobi identity is the key relation in the de�nition of a Lie algebra. In

the last decade, it also appeared at the heart of the theory of �nite type invari-
ants of knots, links and 3-manifolds (and is there called the IHX-relation). In
addition, this relation was recently found to arise naturally in a theory of em-
bedding obstructions for 2-spheres in 4-manifolds [25]. We expose the underlying
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topological unity between the 3- and 4-dimensional IHX-relations, deriving from
a picture, Figure 2, of the Borromean rings embedded on the boundary of an
unknotted genus 3 handlebody in 3-space. This is most naturally related to knot
and 3-manifold invariants via the theory of grope cobordisms [5].

Figure 2. The geometric origin of the Jacobi identity in Dimension 4.

3. Research goals

Here are some goals of my research:

� Classify class n grope concordance of classical links. Class n gropes are
geometric embodiments of iterated degree n commutators in a group. Prelimi-
nary work with P. Teichner ([27]) suggests that Whitney towers should provide
the key invariants necessary to completely describe this fundamental notion of
\topological non-commutativity". The relevant algebra is closely related to work
of J. Levine ([16, 17]), who was led from a completely di�erent point of view
to study quasi Lie algebras (in which the bracket of an element with itself only
vanishes modulo 2).

� Provide topological interpretations of 3-dimensional quantum invari-
ants (eg the Kontsevich integral) in terms of Whitney towers. The
Kontsevich integral is a powerful and mysterious invariant of knots and links
(in 3-manifolds) which takes values in power series of unitrivalent graphs and
is conjectured to completely detect knotting ([1, 12]). Originally motivated by
physics, the geometric implications of the Kontsevich integral have been a source
of intense study by topologists. I hope to use the Whitney tower interpretation
of the tree part of the Kontsevich invariant ([21, 25]) to gain an understanding of
the graphs as obstructions to \pushing down" 4-dimensional constructions into
3-dimensions.

� De�ne intersection invariants which detect obstructions to (n)-solvability
of knots. The recently discovered (n)-solvable �ltration of the classical knot
concordance group by Cochran, Orr and Teichner ([2, 3, 4]) has been a major
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breakthrough in knot theory. The geometry of the �ltration is given by cer-
tain gropes and Whitney towers but the associated invariants are von Neumann
signatures. It would be very interesting to interpret these analytically de�ned
invariants directly in terms of the intersection trees of the Whitney towers.

� Prove that the intersection invariants associated to non-repeating Whit-
ney towers are the complete obstruction to separating a collection of
immersed surfaces in a 4-manifold. The notion of a non-repeating Whitney
tower introduced in [25, 26] gives a suÆcient condition for pulling apart im-
mersed surfaces in a 4-manifold. I am optimistic about being able to show that
the associated invariants only depend on the homotopy classes of the surfaces,
thus giving a complete obstruction.

� Show in general that the invariants associated to general Whitney
towers only depend on the homotopy classes of the underlying surfaces.
This is a key (perhaps long-term) goal in the theory of Whitney towers. Part of
the challenge here is to come up with an eÆcient algebraic point of view, which
should be a higher order analogue of the description of the invariants in [24] as
a \cubic intersection form with quadratic indeterminacies."

4. Introduction to Whitney towers

This section outlines an introduction to Whitney towers, indicating the application of
the theory to the question of separating homotopy classes of 2-spheres in simply-connected
4-manifolds. After giving the precise de�nition of an order n Whitney tower on immersed
surfaces in a 4-manifold, which �lters the condition that the immersions are homotopic to
pairwise disjoint embeddings, the constructions of the associated intersection invariants
are sketched. The general idea is that paired intersection points (paired by Whitney
disks) correspond to rooted trees (having a preferred univalent vertex { which can be
thought of as lying in the interior of the Whitney disk) which bifurcate down through
lower order Whitney disks, whereas unpaired intersection points (between Whitney disks)
correspond to unrooted trees which are the result of gluing together the roots of the trees
associated to the intersecting Whitney disks. The order of a unitrivalent tree is de�ned to
be the number of trivalent vertices, and the orders of the Whitney disks and intersection
points in a Whitney tower correspond to the orders of the corresponding unitrivalent
trees. The lowest order unpaired intersections in an order n Whitney tower are of order
n, and their associated trees represent obstructions to the existence of a Whitney tower
of higher order. In the interest of brevity and simplicity, details regarding orientations
will mostly be suppressed, and we will concentrate on simply connected 4-manifolds.
Details on immersed surfaces in 4{manifolds can be found in [8], including Whitney

moves and (Casson) �nger moves. For more on Whitney towers see [7, 20, 21, 24, 25].
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4.1. Whitney towers.

De�nition 1.

� A surface of order 0 in a 4{manifoldX is a properly immersed surface (boundary
embedded in the boundary of X and interior immersed in the interior of X). A
Whitney tower of order 0 in X is a collection of order 0 surfaces.

� The order of a (transverse) intersection point between a surface of order n1 and
a surface of order n2 is n1 + n2.

� The order of a Whitney disk is n+ 1 if it pairs intersection points of order n.
� For n � 0, a Whitney tower of order n + 1 is a Whitney tower W of order n
together with Whitney disks pairing all order n intersection points of W. These
top order disks are allowed to intersect each other as well as lower order surfaces.

The Whitney disks in a Whitney tower are required to be framed ([8]) and have dis-
jointly embedded boundaries. Intersections in surface interiors are assumed to be trans-
verse.

Some further terminology: If W is an order n Whitney tower containing Ai as its
order 0 surfaces then the Ai are said to admit an order n Whitney tower and we say that
W is a Whitney tower on the Ai.
Note that if Ai admit a Whitney towerW that contains no unpaired intersection points,

then the Ai are homotopic to pairwise disjoint embeddings { with the homotopy guided
by the Whitney disks in W.

4.2. Intersection trees for Whitney towers in simply-connected 4-manifolds.
Consider a Whitney tower W on order 0 surfaces A1; A2; : : : ; Am. The order of a uni-
trivalent tree is the number of trivalent vertices. To each surface (both Whitney disks
and order 0 surfaces) in a Whitney tower W we associate an m-labelled rooted tree of
the same order as follows. To each order 0 surface Ai is associated the (order 0) tree
t(Ai) which consists of a single edge with one vertex designated as a root and the other
vertex labelled i. To a Whitney disk W(I;J) pairing intersections between surfaces WI

and WJ we associate the tree t(W(I;J)) which is gotten by gluing together the roots of the
trees t(WI) and t(WJ) associated to WI and WJ , and then sprouting a new rooted edge
from the vertex which corresponds to the glued roots. (t(W(I;J)) is the rooted product
of t(WI) and WJ), also denoted t(WI) � t(WJ).) For instance, to a Whitney disk W(i;j)

pairing intersections between order 0 surfaces Ai and Aj is associated the order 1 \Y "
tree t(W(i;j)) which has two of its three univalent vertices labelled by i and j, and the
other univalent vertex designated as the root. The bracket subscripts on the Whitney
disks in the notation come from the usual correspondence between rooted binary trees
and non-associative bracketings of the univalent labels (recall that we are suppressing ori-
entations which would correspond to skew symmetry of the bracket). The understanding
here is that if a bracket I is just a singleton I = i, then the surface WI is not a Whitney
disk but just the order 0 surface WI = Wi = Ai.
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To each unpaired intersection point p 2 WI \WJ is associated the unrooted labelled
tree tp which is the inner product t(WI) �t(WJ) formed by gluing together the roots of the
trees t(WI) and t(WJ) associated toWI andWJ . The (unoriented) geometric intersection
tree t(W) of a Whitney tower W is de�ned to be the disjoint union t(W) := qtp over all
unpaired intersection points p 2 W.

Ak

Al

Ai

Aj

i

j

k

p l

Figure 3. Part of an order 2 Whitney tower on order 0 surfaces Ai, Aj,
Ak, and Al and the labeled tree tp associated to the order 2 intersection
point p.

Although the combinatorics of the singular set of a Whitney tower can in general
be quite complicated (with multiple self intersections and intersections among Whitney
disks), it is in fact not hard to \clean up in a controlled way" (by homotopy) an arbitrary
Whitney tower so that all singularities are contained in local standard sub-Whitney
towers which are contained in disjoint thickenings of embeddings of the trees in t(W)
into the ambient 4-manifold (Figure 3). Thus, t(W) also encodes the singularities of W
geometrically, and certain modi�cations of W correspond to relations among trees.
By arbitrarily orienting the Whitney disks in W, (as described in [25]) it is possible

to associate a sign �p to each p and trivalent (cyclic) orientations to each tp which only
depend on the orientations of the underlying order 0 surfaces, up to the antisymmetry
relation which changes sign with a change of trivalent orientation. In an order n Whitney
tower W, the disjoint union of signed oriented order n trees tn(W) := q�p � tp is the order
n (oriented) geometric intersection tree of W, and determines the nth order intersection
tree

�n(W) :=
X

�p � tp 2 Tn(m)

which is an obstruction to the existence of a higher order Whitney tower on the underlying
order 0 surfaces Ai. Here Tn(m) denotes the abelian group on m-labelled, oriented, order
n unitrivalent trees, modulo the AS (antisymmetry) and IHX (Jacobi) relations. (The
usual Jacobi relation for brackets can be directly expressed in terms of rooted oriented
labelled trees, and the corresponding local relation for unrooted trees which appears in
the 3-dimensional �nite type theories is called the IHX relation due to the shapes of the
three terms I-H+X.)
It is important to note that all relations in the target group are \realizable" by con-

trolled geometric manipulations of Whitney towers. For instance the IHX relations can
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be realized by modifying the boundary arcs of three trivial Whitney disks as illustrated
in Figure 2 and then extending the construction to the interiors of the disks (as described
in [7]).
Using realization results from [20] and [7], the following theorem was proved in [25],

which recovers an \nth order" approximation of the 
ow from algebraic cancellation to
geometric cancellation that successful Whitney moves would provide:

Theorem 2 ([25]). If Ai admit an order n Whitney tower W with �n(W) = 0 2 Tn(m),
then the Ai are homotopic (rel @) to A0

i which admit a Whitney tower of order (n + 1).

This illustrates the obstruction theoretic nature of Whitney towers and their inter-
section trees as well as giving a geometric interpretation of the groups Tn(m) which
frequently appear in 3-dimensional settings (often tensored with Q).

4.3. Separating homotopy classes of 2-spheres. A non-repeating Whitney tower on
order 0 surfaces Ai is almost the same as a Whitney tower except that only intersection
points whose associated trees have distinctly labelled univalent vertices are paired up by
Whitney disks. Such (non-repeating) intersection points are the higher order analogues
of self -intersections among surfaces. Thus, all the trees associated to the Whitney disks
(as well as to the intersection points) in an order n non-repeating Whitney towerW have
distinctly labelled vertices. The geometric intersection tree t(W) is de�ned as before, and
determines the order n non-repeated intersection tree �n(W) in the subgroup �n(m) <
Tn(m) generated by non-repeating order n trees. The following theorem shows that, at
least from an obstruction theoretic point of view, the non-repeating intersection tree is
the relevant algebraic object to consider when attempting to separate the underlying
order 0 surfaces by a homotopy (rel boundary).

Theorem 3 ([25, 26]). If surfaces A1; A2; : : : ; An+2 admit an order n non-repeating Whit-
ney tower W with �n(W) = 0 2 �n(n+2), then the Ai are homotopic (rel @) to pairwise
disjoint immersions A0

i.

The proof involves two main steps: First of all, the vanishing of �nW in �n(n+2) yields
an order n + 1 non-repeated Whitney tower, just as in Theorem 2 for general Whitney
towers. All of the unpaired intersection points in such an order n + 1 non-repeating
Whitney tower are necessarily repeating intersection points, because order n+1 trees have
n+3 univalent vertices and there are only n+2 order 0 surfaces. A homotopy (supported
near the Whitney tower) which separates the Ai can now be described explicitly. The
idea is roughly that Whitney disks which contain unpaired repeating intersection points
are good enough to guide singular Whitney moves to pull apart the Ai (after a bit of
cleaning up by �nger moves); alternatively, one can �rst push all unpaired intersections
down in such a way that they eventually become self-intersections among the Ai and then
do (non-singular) Whitney moves on all the clean Whitney disks.
The fundamental question in this setting is: \To what extent does �n(W) 2 �n(n+2)

only depend on the homotopy classes (rel @) of the Ai?" In the case is where the Ai

generate �2X there should not be any further relations:
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Conjecture 4. If the Ai generate �2X, then for any non-repeating Whitney tower W,

�(A1; A2; : : : ; An+2) := �n(W) 2 �n(n+ 2)

is a well de�ned homotopy invariant which vanishes if and only if the Ai are homotopic
(rel @) to pairwise disjoint immersions A0

i in X.

For general Ai (not generating �2X) more relations are needed in the target in order
to get homotopy invariance. These intersection relations are described in [26], and are in
principle inductively computable { since they are determined by lower order intersections
{ but in general can lead to some interesting systems of quadratic diophantine equations.
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