MAT 237/CMP 232: Problem Sheet #2

Topic: Functions, Sequences, and Summations

Instructions. The following is a collection of questions pertaining to the topic indicated above. Please
bring this worksheet to class for each day we discuss this topic. Though some problems will be assigned
to solve for homework, others will be discussed in class.

Problems.
1. Why is f not a function from R to R? 7. Determine whether each function from Z to
7 is one-to-one.
(a) f(z)=1/2?
(b) f(z) = Va? (a) f(n)=n —1
(b) f(n) =
(¢) f(z)=xtVa?+17
(¢) f(n)=n?+1
2. Determine whether f is a function from Z to (d) f(n)=[n/2]
R.
8. Which of the functions in the exercise above
(a) f(n)==n are onto?
(b) f(n)=vn?+1 9. Give an example of a function from N to N
(c) f(n)=1/(n*—4) that is:
3. Find these values. (a) one-to-one but not onto
(b) onto but not one-to-one.
(a) [1.1] (e) [2.99] (c) both onto and one-to-one (but different
(b) [1.1] (f) [—2.99] from the identity function).
(c) [-0.1] (&) [3+T[31 (d) neither one-to-one nor onto.
(d) [-0.1] (h) H%J + [%W %1 10. Determine whether each of the functions are

a bijection from R to R.

(a) f(z)=2z+1
(a) T3] (e) [3] (b) f(z)=a?+1
(b) 4 (5 [-1] () fla) =27
(©) 3] () 13 +131) (@) f(z) = (@ + /(" +2)
5
=z°+1
(@ -4 ONERE] (€) fle) =z
11. Give an example of an increasing function
5. Determine whether each of these functions with the set of real numbers as its domain
from {a,b,c,d} to itself is one-to-one? and codomain that is not one-to-one.

(a) f(a)=b, f(b) =a, f(c) =c, f(d) 12. Let f(z) = |22/3]. Find f(S) if
(b) f(a) =0, f(b) =0, f(c) =d, f(d) (a) S ={-2-1,0,1,2,3}.

)

(c) fla)=d, f(b) =0, f(c) =c, f(d) (b) S ={0,1,2,3,4,5}.
)
)

I
ST

6. Which of the functions in the exercise above () §={1,5,7,11}.
are onto? (d) S=1{2,6,10,14}.



13.

14.

15.

16.

17.

18.

19.

Suppose that g is a function from A to B and
f is a function from B to C.

(a) Show that if both f and g are one-to-
one functions, then f o g is also one-to-
one.

(b) Show that if both f and g are onto func-
tions, then f o g is also onto.

Find fog and go f, where f(z) = 22+ 1 and
g(x) = x + 2, are functions from R to R.

Find f + ¢g and fg for the functions given
above.

Let f be a function from the set A to the set
B. Let S and T be subsets of A. Show that:
(a) f(SUT) = f(S)Uf(T).
(b) f(SNT) C f(S)N f(T).
Find these terms of the sequence {ay}, where

an =2 (—3)" 4 5™

(a) ao (b) a1 (c) aq (d) as

Find the term ag of the sequence {a,} if a,
equals

(a) 277 (c) 7
(b) 1+ (=1)"

What are the values of these sums?

(a) Sk +1)

20. What are the values of these sums, where
S ={1,3,5,7}7?

(a) D i () > (1/3)

jes jes
(b) >4 (d) Y1
jes jes

21. Compute each of these double sums.

2 3 3 2
() DD G+5) (@D D

i=1j=1 i=1 j=0

2 3 2 3
(b) (2i+35) () DY ij

i=0 j=0 i=0 j=1

22. Determine whether each of these sets are
countable or uncountable. For those that are
countable, exhibit a one-to-one correspon-
dence between the set of natural numbers
and the set.

the integers greater than 10

the odd negative integers

)
)

(c) the real numbers between 0 and 2
)

23. Show that the union of countable sets is
countable.

24. Explain why the set of real number solutions
of the quadratic equations ax? + bx + ¢ = 0,
where a, b, and ¢ are integers is countable.



