Math 70300

Homework 4

Due: within 72 hours

1. (a) Let z; and 23 be two points on a circle C'. Let z3 and z4 be symmetric with respect
to the circle. Show that the cross ratio (21, 29, 23, 24) has absolute value 1.

Use a linear fractional transformation that maps the circle to the real axis (such T
exists). Then T'(z3) and T'(z4) are symmetric with respect to the real line, i.e., T'(z3) =
T'(z4). On the other hand T'(z1) and T'(z2) are real, so equal to their conjugate.
This gives T'(z1) — T'(2z3) = T(z1) — T(24), T(22) — T(23) = T(22) — T'(z4), and as a
consequence they have the same modulus (conjugate numbers have the same absolute
value). This gives, using the invariance of the cross ratio under a linear fractional
transformation,

TZl — TZg TZQ — TZ4
= (T2, T2, T2, Tzy)| = : =1-1=1L
|(21,ZQ,273,Z4)| |( 21,4 22,1 23, Z4)| ‘T21 —TZ4 'TZQ —TZ3
b
(b) Let ad—be =1, ¢ # 0 and consider T'(z) = azi—d. Show that it increases lengths
cz

and areas inside the circle |cz + d| = 1 and decreases lengths and areas outside the
circle |cz +d| = 1.
We have

T,(Z):a(cz—i-d)—c(&z—i-b): ad —be 1

(cz+d)? (cz+d)?  (cz+d)*

This means that |T"(z)| = |cz +d| 2. The inside of the circle is given by |cz +d| < 1,
while the outside by |cz + d| > 1. This means that inside we have |7"(z)| > 1 and
outside we have |T"(z)| < 1. The infinitesimal magnification factor at z for the length
is |T"(z)| < 1 and for the area is [T"(z2)|?. This essentially proves the result. If one
wants to be more precise, let v(¢),a <t < b be a smooth curve and T'(y(t)) its image
under 7T'. Then

Lix(t) = / W (0)d,  LT((1))) = / T ()| (8t

If the curve is inside the circle |T"(v(t)| > 1, so

b
L(T(~(1))) 2/ Y/ (8)ldt = L((2)).

The opposite inequality holds outside the circle. For the areas we have
A(U) = / ldzdy, A(T(U)) = / T (2)|2dzdy.
U U
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Figure 1: The circle and the real line in 1(a)

If the set U is inside the circle |T"(v(t)| > 1, so

A(T(U)) > /U ldzdy = A(U).

The opposite inequality holds outside the circle.

. (a) By considering the contour integral

/ ( 1>2" dz
Z4 = —
J2l=1 z) 2

1-3-5---(2n—1)
2:4-6---(2n)

prove that

27
/ cos?" 0 df = 2
0

We use the binomial theorem for (z + 1/2)" to get

2 [ 2n 2 op 2n
/ Z ( . ) (N2l = Z ( ' ) / L2021y, _ o ( > ’
sl=155 \ J =\ J |2]=1 n
since 2Fdz = 2mi if k = —1 and 0 otherwise. Now we substitute z = ¢ to get

|z|=1
(use 2cos = e + =)

1 2n d 27 - 10 2
/ (z + —) = / (2 cos )" Ze.g do = 22"i/ cos®™ 6 db.
‘z|:1 V4 z 0 e’ 0

Comparing the two results we get

2 ! .2.3.4... —-1)-
/ 052" 0 df — 22_7T ( 2n ) 27 (2n)!  271-2-3-4---(2n—1) (Zn)
0

2\ )T 22oplpl T 221.2...p-1-2---1m
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We cancel the even numbers from the numerator with a factor of 2 and an integer
from 1 to n. This gives

2 27-1-3---(2n—1
/ cos? 6 df = m (2n )
0 m.1.92...n

and this gives the result by doubling every integer from 1 to n to get the even integers
from 2 to 2n in the denominator.

(b) Prove that
. 2 2.4-6---(2n)

The substitution § = 2 + 7/2 gives in (a) (use that cosf = cos(z + 7/2) = —sinx)

2m 3m/2 2m
/ cos?" 9 dh = / sin®” x dx = / sin®” x dx
0 —7/2 0

using the periodicity of sin z. Now we remark that the values of sin? z on [0, 7/2] are
the same on the other three intervals /2, 7], [r, 37/2] and [37/2, 27|, so the same is
true for sin? z. This means that the integral we want is 1/4 the result from (a).

3. Map conformally the region inside both circles |z — 1| < 1 and |z +i| < 1 to the
upper-half plane H = {z € C,J(z) > 0}.

1

Hint: Use first the map w = 27! and at some later stage use w = 2%

Let Cy ={z:]z—1] =1} and Cy = {2 : |2+ 4| < 1}. The map w = T(z) = 27!
maps the two circles to two lines, as 7(0) = oo and 0 belongs to both circles. The
second common point of the two circles is 1 — i (check this!). This is mapped to
T(1 —1i)=1/2+1i/2. The two circles are orthogonal at 0, as the tangent lines there
are the real and the imaginary axis. This is also true at 1 — i (the tangent lines
are horizontal and vertical). So the images of the two circles are two lines meeting
perpendicularly at 1/2 + /2 and co. Since T'(2) = 1/2, T(C)) = {w : Rw = 1/2}
and, in fact, as we traverse '} in the positive sense, the image is traversed from up to
down (preservation of the orientation). Since T'(—2i) = i/2, T(Cy) = {w : Sw = 1/2}
and, in fact, as we traverse C5 in the positive sense, the image is traversed from left
to right. This implies that the region between the two circles is mapped to the set
Q={w:Rw>1/2,3w > 1/2}. Now translate  to the first quadrant by the map
S(w) = w— (1/2 +i/2). The first quadrant is mapped conformally to the upper
half plane by the squaring function H(z) = z?. The final map is the composition
HoSoT.

4. Let f(z) be holomorphic on the unit disc and f(0) = 1. By working with

i | 2+ D] 19D



L2

Figure 2: The region in problem 3 and its image by w = 27!

prove that
29 6 19
/ f(e®)cos®* =df =2+ (0 / f(e") sin? 9—2—f()

We have 2sin?(0/2) = 1 —cos @ and 2 cos?(0/2) = 14 cos . Parameterizing the circle
as z = e we get

i, [2 + (z+ 1)] f(z)% = L 2Tr(2 +2cos ) f(e)idd
|z|=1 0

271 z z 271

_ % /0 27T(1 + cos ) f(e?)df = % /0 %{ Zfﬁiégg; } F(e?)ao.

This is how we get the two integrals on the left-hand side of the result. For the
right-hand sides we use the Cauchy Integral formulas:

L[ oieEopey=r L[ 16

210 J = z 21 J iz 22

while Cauchy’s theorem gives directly

= f(z)dz=0.

21 |z|=1

As a result

1 {2 - %)] fo® o L (2f B & (5z) + fi?)) dz = 24 1'(0).

271 |2]=1 z 271 |2]=1 z

(b) If f(2) is holomorphic on |z| < 1, f(0) = 1, and for all |z| < 1 we have R(f(z)) > 0,
then —2 < R(f'(0)) < 2.



If Rf(z) > 0, then Rf(e)cos?(0/2) > 0 and Rf(e?)sin?(#/2) > 0. We take real
parts in the two integrals of (a) to get

2m 2
/ R(f (")) cos?(0/2)d0 = 2 + Rf'(0), / R(f(e))sin*(0/2)d0 =2 — Rf'(0).
0 0
This gives (as the integral of a nonnegative function is nonnegative)
2+ Rf'(0) >0, 2—Rf(0)>0,
which implies the result.

. Let f(z) be holomorphic in the region |z| < R with power series expansion f(z) =
ZZOZO a,z". Let the partial sum of the series be defined as

N
sn(z) = Z a, 2"
n=0
Show that for |z] < R we have
1 w1 — SN g
SN(Z) - % |w|:Rf(w) w— 2 wN+L

We use the identity AN — BY = (A — B)(AN"' + AN 2B + ... ABN~1 + BY). We,
therefore, get

1 wN+1 _ ZN+1 dw 1

2mi =5 NN =lyg. .. N-1, N
271 |w|:Rf(w) w— 2 wN+1 27 /|w|:Rf(w)(w “+w 24 Fwz s )

dw

whN+1

= QL f)(w ™t +w 2z +w 22w VNt w 27 )dw
T Jiw|=R

7 (N—1) ™)
= 1)+ FOz+ 0y J(”N__li)f’!)ZN_l L1500

by Cauchy’s formula for the derivatives. Since a,, = f™(0)/n! we get that the result
is exactly sy (2).

. Let C be a circle enclosing the distinct points 21, 29, ... 2,. Let
p(z) =(z—21)(z —2) (2 — 2)

be (the) polynomial of degree n with roots at these points. Let f(z) be holomorphic
in a disc that includes C'. Show that

P(2) _L/Cf(w)p(w)—p(Z)dw

C 27 Jopw)  w—z




is a polynomial of degree n — 1, with the property
P(z)=f(z), i=12,...n.
We plug z; to get

play— L [ ) plw) “p(a) L) pl) L )

2mi Jo p(w)  w— z 211 Jo p(w) w — z; 211 Jo w — 2

by Cauchy’s formula. It suffices to prove that it is a polynomial of degree < n — 1.
We expand p(z) = 2" + a,_12" ' + -+ + ag and get

plw) —p(z)  w"—2"+ap (W' =2 ) 4+ ag(w - 2)

w—z w—z

= w" T w2 e w2 A2 g (W w2 T2 TR e ay,

where we used that AY — BY = (A — B)(AYN"! + AN-2B + ... ABV~1 + BY). This
is clearly a polynomial in z of degree n — 1. When we plug it into our integral in the
variable w we get by linearity a polynomial of degree < n — 1 in z with coefficients
the values of certain contour integrals in w.

. Let f(z) be holomorphic on |z| < 1 and |f(2)| < for |z| < 1. Show that the

1
1—z]
Taylor coefficients a,, of f(z) satisfy

1 n
an| < (n+1) (1 + 5) <e(n+1).
We use the Cauchy’s estimate |a,| < M(R)/R", where M (R) = max{|f(Re®)|,0 €

0,27]}. Using |f(2)] < 1/(1 — |z]) we get

< MO-R) 1
"= TR (1— R)R™

We need to make a choice of R in [0, 1) to minimize this expression. This is equivalent
in maximizing g(R) = (1 — R)R". We do this using calculus

Jd(R)=(R"— R =nR" '~ (n+1)R"= R"'(n— (n+1)R).

So ¢'(R) =0if R=n/(n+1) < 1. This is our choice for R. Then
n \" n n \" 1
g(R) = 1- = :
n+1 n+1 n+1) n+1

lan] < (”Zl)n(nﬂ):(nﬂ) <1+%>n.
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We now get
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Figure 3: The contour for the Fresnel integrals
The last inequality follows from the well-known fact that

1 n
lim(l—i——) =e
n

and, in fact, the sequence (1 +n~1)" increases to e. If you are not familiar with this,
consider the function

s _ log(1+ 27!
h(z) =log(1+ 2 1" = zlog(l+z7!) = %
The Taylor series of log(1 + y) close to 0 is log(1 +vy) =y — y*/2 + y*/3 — - - -, and
this gives
h(z)=1—2"'24+27%/3—--- =1, z— oc0.

This implies that e*) — e x — oo. The function h(z) is increasing iff h(y~') =
vy 'log(1+y) is a decreasing function. The function log(1+ y) is concave downwards,
so the slopes with fixed left endpoint are decreasing: fix (0,0) on its graph and joint
it to (y,log(1 +y)) to get a slope log(1 + y)/y.

. Calculate the Fresnel integrals
/ cos(x?) dr = / sin(x?) dov = V2 /4.
0 0

Hint: Consider the function f(z) = ¢’ and a contour that includes the line segment
from 0 to Re’™* and the circular arc from R to Re'™4,



Let the contour be v = 41 + yr — 72, where v, (t) =t +1i0, 0 < t < R, yp() = Re®,
0 < 6 < 7/4, and, finally, v,(t) = te’™/*, 0 <t < R. By Cauchy’s theorem

0= /eiZde = / ¢ dz +/ e dz —/ e dz.
v At TR 72
On ~; we have
y R R R R
/ e dz = / e dr = / (cos(x?)+isin(z?))dx = / Cos(xQ)dx+i/ sin(z?)dx.
gl 0 0 0 0
The last integral tends to
/ cos(z?) dx + z/ sin(z®)dr, R — oo.
0 0

On 7, we have

. 2 R . 1 /4 2 . R . 2. . . R 2
/ e dz = / ez(te ) ez7r/4dt _ / ezt 267,71'/4dt _ e7,71'/4 / G_t dt
72 0 0 0

— e”/‘l/ e dt = (? —HQ> ﬁ R — 0.
0

2 2’

The result for the two Fresnel integrals will follow, if we show that the contour integral
over vg tends to 0, R — oco. We have

- T e LU - . T » .
/ e dy = / 6z(Re ) Riez& do = / ezR (cos 20+isin QG)RieZGdH — / ezR cos20—R s1n20iR610d9'
TR 0 0 0
We now use the concavity of siné on [0, 7/2] to get sin@ > (2/7)0. This implies that

22
/ e dz
R

which clearly tends to 0, as R — oo.

—Rme 1™

R

w/4 w/4
< / efR2 sin29Rd8 < / 67R2(4/7r)9Rd0 —
0 0

0

. Let f(2) = u+ v be an analytic function, 1(u,v) any function with second order
partial derivatives and g(u,v) any function with first partial derivatives.

(a) Let A, , be the Laplace operator in z,y coordinates, i.e. A, , = 92 —1—8;, and A, ,
be the Laplace operator in u, v coordinates, i.e. A,, =92+ 9. Show that

Aac,y@b o f) = Au,vw ' |f’(2)|2

If w = u+ v, the chain rule for the composition of derivatives in z and z (homework
1) gives (use also that f is analytic, i.e., f; =0 and f; = f.)
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by the product rule for partial derivatives. As f is analytic, f, is analytic and its
conjugate does not depend on z. So 0, f, = 0. This gives

Az,y(qvbof) - 462(#%11)% = 4(8w(¢w)fz+aw(¢w)(?)z)ﬁ = 4aw(¢w)fzﬁ = Au,’u¢|f/(z)|27

since f does not depend on z.

(b) Let V,, = 0,i+ 0,j be the gradient vector in u,v, and V,, = 0,i + 0,j the
gradient vector in x,y coordinates. Show that

V(g o f)|2 = ’Vu,vg|2 ) ‘f/<z)|27

where | - | is the euclidean norm in C.

We first express V,, in terms of the 0, and J; operators.

9. = (0, —id,), 0= % (0, +id,)

1
2
We sum and subtract to get

0y = 0.+ 0., 0, =—i(0:—0,).

This gives
Viy = 0i+0,j = i(0. + 0z) —ij(0z — 0.).

Similarly we have
Vi = Oui+ 0y = 1(0y + 05) — 1j(0p — Ow).
We get
Vay(go f) =1(0. +0:)(g o f) —i(0: = 0:)(g o ) = i(gufz + gaf: + gufz + gufs)
~i§(Gufz + gofz = guf: — guf.) = W(gufs + 9ufz) — i§(gafz — guf),
since f; = f, = 0. This gives
Vau(g0 )I? = lgufs+ 9ol +1—i(gafz — guf)* = lguf+ g0 fo1> + |90.f: — guf*.

Since for any complex numbers a and b we have |a + b]> + |a — b|* = 2|a|? + 2|b|* we
get

= -2
V(g0 P = 2190 fo” + 1g:F:7 = 209 Pl L1 + 2lga* [ F2]” = (2lgu]* + 2lgal*)| £ 1.

On the other hand
Vauod|? = 19u*+190)* = 9w+ 9o+ =i(90—9w)* = |9ut9al*+]90—0u]* = 2|9w|*+2|ga|*-

This completes the proof.



