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Abstract

Let S be a subdivision of the plane into polygonal regions, where each region has an associated positive weight. The weighted region
shortest path problem is to determine a shortest path in S between two points s, ¢ € S, where the distances are measured according to
the weighted Euclidean metric - the length of a path is defined to be the weighted sum of (Euclidean) lengths of the sub-paths within
each region. We show that this problem cannot be solved in the Algebraic Computation Model over the Rational Numbers (ACMQ).
The ACMQ can compute exactly any number that can be obtained from the rationals Q by applying a finite number of operations
from +, —, X, +, 4/, for any integer k > 2. Our proof uses Grobner bases and Galois theory, and is based on Bajaj’s technique.
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1. Introduction

The weighted region shortest path problem is one of the clas-
sical path problems in Computational Geometry and has been
studied over the last two decades. It was originally introduced
in [2] as a generalization of the two-dimensional shortest path
problem with obstacles. There are several well known approx-
imation algorithms for this problem; see, e.g., [2—4]. In this
paper, we show that determining the exact shortest path distance
in this setting is an unsolvable problem in an algebraic model
of computation, confirming the suspicion expressed in [2, Sec-
tion 4]. Thus, we provide further justification for the search for
approximate solutions as opposed to exact ones.

The algebraic complexity of geometric optimization prob-
lems was first studied by Bajaj, who showed that Euclidean
shortest paths among polyhedral obstacles in three dimensions
[5] and solutions to the Weber problem and its variations [6]
cannot be expressed as finite algebraic expressions. More re-
cently, the algebraic complexity of semi-definite programming
[7] and shortest paths through certain cube complexes [8] were
investigated. We employ Bajaj’s technique [6] to show that
the weighted region shortest path problem is unsolvable. In a
nutshell, the technique is as follows.

As a consequence of the fundamental theorem of Galois [9],
we know that there is no general formula to solve a polynomial
equation of degree d > 5 using radicals. However, there are
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some polynomial equations of degree d > 5 that can be solved
by radicals. The Galois group Gal(p) of an irreducible polyno-
mial p over Q determines the solvability of p by radicals: A
polynomial equation p(x) = 0 is solvable by radicals if and only
if Gal(p) is solvable (refer to [9]).

We will present an instance of the weighted region short-
est path problem such that solving this instance exactly within
ACMQ is equivalent to the statement that the polynomial equa-
tion p2(x) = 0 in Equation (7) is solvable. However, we will
show that the Galois group of pj; is S, (i.e., the symmetric
group over 12 elements) up to isomorphism. This is proved
using the following theorem.!

Theorem 1 (Bajaj [6]). Let p be a polynomial of even degree
d > 6. Suppose that there are three prime numbers qi, q, and
q3 that do not divide the discriminant A(p) of p, such that

p(x) = psx) (mod gqy) , (1
px) = pi(x)ps-1(x) (mod g») , 2
p(x) = piX)p2x)ps-3(x) (mod g3) , 3)

where p,(x) is an irreducible polynomial of degree d modulo
q1; pa-1(x) (respectively pi(x)) is an irreducible polynomial
of degree d — 1 (respectively of degree 1) modulo q;; pa—3(x)
(respectively p|(x) and p,(x)) is an irreducible polynomial of
degree d — 3 (respectively of degree 1 and of degree 2) modulo
q3. Then Gal(p) = S,.

Ifd > 5 is odd, the same result holds if we replace (3) by

p(x) = pax)pa2(x) (mod gs) ,

! Alternatively, it can be verified using symbolic computation software. For
example, GAP uses the algorithm from [10] to test the solvability of polynomials
up to degree 15 via the command isSolvable, and MAGMA implements an
extension of the algorithm in [11], that works for polynomials of arbitrary degree,
limited only by time and space constraints.
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Figure 1: The weighted region shortest path problem with two bends.

where qy is a prime number such that g4 1 A(p) and p—p(x)
(respectively p,(x)) is an irreducible polynomial of degree d — 2
(respectively of degree 2) modulo qa.

Observe that (1) implies that p(x) is irreducible over Q, which
implies that Gal(p) is a transitive group. (2) and (3) guarantee
the existence of a (d — 1)-cycle and an element with cycle de-
composition (2,d — 3) in Gal(p). These two elements, together
with the transitivity of Gal(p), imply that Gal(p) = S ,.

Lemma 2 ([9, Chapter 4]). A symmetric group S, over n ele-
ments is solvable if and only if n < 4.

If a problem is solvable with in ACMQ), then we can express
its solution as a finite sequence of the allowed operations on
the rational input data. For practical applications however, we
may need to rely on approximations of such an explicit repre-
sentation, due to the occurrence of roots. The latter can hardly
be avoided for the weighted region shortest path problem, as
the length of a path is the weighted sum of Euclidean distances.
A problem may be unsolvable in ACMQ even though its solu-
tion can be approximated with sufficient precision in practice.
Nonetheless, we use the ACMQ as a viewpoint to gain insights
about algebraic complexity and the applicability of symbolic
computation. One advantage of the latter is the reusability of a
result without cascaded approximation error. Unsolvability on
the other hand concludes any search for a closed formula for
solutions and provides further justification for the employment
of approximation approaches.

2. Unsolvability

Consider the situation depicted in Fig. 1, where s = (0, 0) is
the source and ¢ = (5, 0) is the target. The three regions ry, »
and r3 have weights w; = 1, w, = 2 and w3 = 3, respectively.
Region r; is the triangle Aabc where a = (-1,-2), b = (2,2)
and ¢ = (5, —1). The shortest path (identified by a dashed line)
goes through the two edges ba and bc. The equations of the line
segments ba and bc are

ba: (x,y) = (2,2) + 1;(-3,-4),
be: (x,y) = (2,2) + 1,(3,-3),

where A1, A, € [0, 1]. The function to optimize is therefore

B, A7) = /2502 =281, +8

+2\[1822 604, + 252

+3‘/18/1% —301, + 13.

The candidates (4;, A;) that minimize ¢ are (0, 0), (1, 1) and the
solutions of the following system of equations

0 0
6_/h¢(/ll’ A7) =0, 6—/12¢(/11,/12) =0, 4)

where A, A, € [0, 1]. Computing (4), we get
252, - 14 504, — 64,
V258 =281 +8 188 - 61 + 2503
364, — 64, 542, — 45

:O’
VIBB =620 +258  \[182-30 +13

and this system of equations leads to the following one:

1510022 — 5250043 + 468751} — 36244, 4, + 12600210,  (5)
—1125003 1, — 324045 + 115924,43 — 103504343 = 0,
557323 — 7261, 4, — 1338024, + 217843 + 18004, 43 (6)

+802822.23 — 540043 — 10801, 43 + 324045 = 0.

The standard technique to isolate A; and A, in this system is
to use Buchberger’s algorithm [12] from Grobner bases theory.
Grdobner bases theory is a generalization of the ideas from linear
algebra for solving a system of linear equations, namely bases
and Gaussian elimination, to systems of multivariate polyno-
mials. Just as the solution set to a system of linear equations
forms a vector space, the solution set to a system of polyno-
mials forms a variety. The goal is to find a set of polynomials
whose solution set is the variety of the original polynomials, but
which have good computational properties. This is analogous to
finding a basis for the nullspace of a system of linear equations.
A Grobner basis is such a set, and can be found by running
Buchberger’s algorithm, which is a generalization of Gaussian
elimination. The algorithm has different outcomes depending
on the choice of monomial ordering used, i.e., ordering first by
total degree of monomial versus degree of first variable. If a
lexicographic ordering is used, then the Grobner basis has the
property that it contains a polynomial in only the last variable,
a polynomial in only the last two variables, etc., and thus can
be used to solve the original system of polynomial equations.
This algorithm is implemented in many symbolic computation
software such as Mathematica and Singular. Using the command

eqnl = 15100%lambdal~2-52500*1ambdal”~3
+46875*1ambdal ~4-3624*1lambdal*lambda?
+12600*1ambdal~2*1lambda2-11250*1ambdal~3*1lambda?2
-3240*1ambda2~2+11592*1ambdal*lambda2"~2
-10350*1ambdal”~2*lambda2~2;

egn2 = 5573*lambdal”2-726*1lambdal*lambda2
-13380*1lambdal”~2*lambda2+2178*1lambda2~2
+1800*1ambdal*lambda2~2+8028*1lambdal~2*lambda2~2
-5400*1ambda2~3-1080*1ambdal*lambda2~3
+3240*1lambda274;



GB = GroebnerBasis[{eqnl,eqn2},{lambdal,lambda2}];

pl5 = GB[[11]
pl4 = GB[[2]]
ppl4 = GB[[3]1]

in Mathematica, we obtain the following system of three equa-
tions?, which is equivalent to (5) and (6).

pis() =0, pia(d;,4) =0, pj,,A4)=0,

where ps is a polynomial of degree 15 in A5, and p14 and p/, are
polynomials of total degree 14 in A; and A,; refer to the appendix
for the coefficients of these polynomials. The polynomial p;s
factors into /l% - p12(12), where pj, is the degree-12 polynomial

p12(x) = —745794461011616 (7
+7579514247189376x
—35835761266110832x>
+ 106594990715823828x
— 227453553923353605x"
+372947142859928208x°
— 484843926044252448x°
+504065307805559136x7
— 416814671916200304x
+267526211688938880x°
- 125338196832117120x'°
+37669520655360000x'!
— 5350784184000000x"2.

Theorem 3. The weighted region shortest path problem cannot
be solved exactly within ACMQ.

Proor. Following the notation of Theorem 1, and the above
example, we have p(x) = p12(x), d = 12 and A(p) = 217 - 3144
549.716.47.532.241-55732-9067-134172-359932 - 5242801 - gos.
where qog is a prime number with 96 digits. With ¢; = 61,
q> = 89 and g3 = 139, one finds

33 4+ 19x + 40x% + 15x° + 23x* + 33x° + 56x°
+39x7 + 575 + 262 + 49x'0 + 56"

+17x"?  (mod 61),

38(x + 32)(1 + 84x + 57x% + 16x° + 71x*
+86x° + 1225 + 54x7 + 12x% + 224°

+82x'% + %'y (mod 89),

95(x + 35)(58 + 41x + x*)(61 + 62x + 42x%
+3x° + 106x* + 57x° + 28x° + 29x7

+106x% + x°)  (mod 139),

p(x)

p(x)

plx) =

2The coefficients in this system of equations involve large integers or fractions
thereof. Among the many examples that we studied there was none involving
only fractions of small integers.

so that Gal(p) = S|, by Theorem 1. Lemma 2 tells us that S,
is non-solvable. With numerical methods, one easily finds that
the minimum of the function ¢(4, A,) for A;,4; € [0, 1] is at
(41, A2) = (0.39398, 0.72450), which is a solution of the system
of equations (5) and (6). Hence, if the minimum of ¢(1;, 4»)
can be computed in ACMQ, then we can solve the equation
p12(A2) = 0 in this model as well. However, we showed above
that this equation cannot be solved within ACMQ. Therefore, in
general, the weighted region shortest path problem cannot be
solved exactly within ACMQ. O

Remark 1. Let # be a problem that can be translated into a
(system of) polynomial equation(s), and assume that we want to
use Theorem 1 to prove that $ cannot be solved exactly within
ACMQ. In general, £ admits infinitely many different instances
leading to infinitely many different polynomial equations. Our
experience shows that most of the time, Theorem 1 applies on
the first instance of £ we can think of. Otherwise, one can use
a symbolic computation software as a black box and compute
Gal(p). To use Theorem 1, we need to find three prime numbers
that satisfy the constraining properties. Bajaj [6] explains why
trying d + 1 prime numbers that do not divide A(p) will most
likely be sufficient. As for the factorization of a polynomial
modulo a prime number, refer to [13] for standard algorithms
that perform this task.

3. Generalization of the Counterexample

We have shown that one instance of the weighted region
shortest path problem is unsolvable, which shows this problem is
unsolvable in general. However, it would be useful to know how
often an instance of the weighted region shortest path problem is
unsolvable. If we know the sequence of regions that the shortest
path goes through, then we know that the path itself is made up
of a sequence of line segments passing through the interiors of
the prescribed regions and bending only on the boundaries of
the regions. Furthermore, the shortest path is locally optimal
between any two bendpoints. That is, if we treat the bendpoints
u; and u;,3 as fixed, then the intermediate bendpoints u;,; and
u;+» must be optimal with respect to u; and u;,3. This implies
that any instance of the weighted region shortest path problem
in which the shortest path goes through at least three regions,
will contain a generalization of the given counter-example. In
particular, the equations to optimize will have the same form,
but different coefficients. A polynomial of degree 5 or higher is
unsolvable if its coefficients are algebraically independent, i. e.,
not related by an algebraic expression. This will be true in the
general instance of the problem, except in very specific cases,
and thus a generic instance of the weighted region shortest path
problem in which the path passes through at least three regions
is usually unsolvable.

4. Conclusions and Future Work

We demonstrated that even a toy example of the weighted
region shortest path problem cannot be solved in ACMQ. Thus,
we cannot expect this to be the case for inputs of realistic size



or for instances of more general versions, such as the flow path
problem [14] or the anisotropic shortest path problem [15]. The
method we employed, Bajaj’s technique, will be a useful tool-kit
to prove similar unsolvability results and guide more realistic
analysis of problems in computational geometry with algebraic
components.
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Appendix

Here we present the missing polynomials from Section 2. In Section 2 we work with the following system of equations, refer to
(5) and (6):
1510047 — 52500; + 4687547 — 3624411 + 126004] 1,
—1125047 4, — 324023 + 115924,43 — 10350225 = 0,
557343 — 7264, 45 — 13380422, + 217843 + 18004, 43
+80284713 — 540043 — 1080443 + 324045 = O.
One can verify that

61’1(/11,/12)]715(/12) + Clyz(/ll,/lz)pm(/ll,/lz) + 61,3(/11)]7’14(/11,/12) = 15100/1% - 52500/1? + 4-6875/1‘11 - 36244, + 12600/1%/12 -
11250834, — 32402 + 115924, 22 — 10350222

and

21(A1, A2)p1s(Aa) + c22(A1, A)pra(di, o) + a3 P}, (A1, ) = 557322 = 7264, 4 — 13380422, + 217842 + 18002;.42 + 80281242 —
540023 — 10804;.43 + 32404,

where ¢y 1, 12, €13, €21, C22 and ¢, 3 are the polynomials defined below. These polynomials act as coefficients in the Grobner basis
decomposition of (7) and (8).3 For completeness we present the expressions for p;s, pi4, p'14, €11, C12, C13, C2,1, C22 and ¢, 3 in the
following. They were obtained using the command

coeffl = PolynomialReduce[eqnl,GB,{lambdal,lambda2}];
coeff2 = PolynomialReduce[eqn2,GB,{lambdal,lambda2}];

cl1l = coeff1[[1,1]]
c12 = coeff1[[1,2]]
c13 = coeff1[[1,3]]
c21 = coeff2[[1,1]]
c22 = coeff2[[1,2]]
c23 = coeff2[[1,3]]

in Mathematica.

pis(d2) = —74579446101161643 + 7579514247189376.4;
~3583576126611083213 + 10659499071582382815
~227453553923353605.1] + 372947142859928208.13
—48484392604425244825 + 50406530780555913645°
—416814671916200304.1}" + 267526211688938880.12
—125338196832117120}° + 37669520655360000.1;"
—53507841840000004}° ,

P14 (A1, A2) = 1057297749247837454194666759408439365800376451493750004; 4,
+583318116370559329033532399612501188569438459993750000.43
+31915283525224803976790212153918613677910434616919243755216/13
—25201142969097288290723992266864491165 1662301468536094539878/13
+928602200066293160658438139967787212868989738164827024229933.13
—2196616187246976959933703540915390559158 121828698345542391864/12

3This gives an idea of what happens in the GroebnerBasis command of Mathematica we use as a black box. The motivated reader can then verify that it is indeed
a Grobner basis



+38202935959380170844498350892191304302269720364974014927636481;
—514724990155175908386893607752215793927741938831874963701958413
+5430517329123726048450871919655235095634813932404402081537136Ag
—4476491634152698186651477364176156801610938769735552760396288/150
+2808096142098241715804236146291812683382570526488348759710080&;
—12258706815146256419121718729527654726()4910263329638382397440/1;2
+306749854236551468421323717467174706882079158592688624320000&;

~27933651685689842968163585074325633295889956383932608000000.1,*

1ﬂ40h,12)='701466709114071206217485458355146736381606900496984375002%
+77829571698952984571659874085456423425325513463190625000.4
+196744281959928964088202024121300485242381016634198358971302881;
—17340242263582193823828224559888040140020184430817346934171757013
+7108087449183899732796406430377948523682480935963849431783356954;
—184849594003809402876027337781661063080039131599566489146937932812
+34903236433652823723101045912212217104262932187555204802443261761;
—509268812942181854986830815196771544904253987965477567118691257613
+5857423633966761925194768993035993547574537163254572999092886864Ag
—5313768168139984371216684362279682435709813721681196965720980608/1;0
+37442155136603926366338221247155455015085884639912839800438611201;
—1941045179621232293942897106578581468007054103277286731011210240/1.;2
+649557462723595841633239878484897670567624339937691105350720000&;
—102603702465380179573558983694440064263260359947279005568000000.1,*

348084626316961436129137910942153157467444434097733879244
LIRS S T3030883019028441 495537908933 1464020644 30442332377 109375
50371460422085034316727898708933750021000137588624770586.
* $26420517235320761137659821519957405856082577217693295084375
, 326534121148435687965012508846639 158796061 33485859401 198609y
590466864429800333566689510939836233696916436260795478654515625
500535103948393492084700746749478260178616695751542861411864. 1
* 153521384751748086727339272844357420761 1982734278068244501740625
3997814623960587638286335269608827186042424600580400526460387827022613218457515743963084469313309073691876.3
* 9983873478904 16338007736738048544907350686995 120783880891 102789230696 70505 766489409165 1424364879638671875
420328363469622635216370084486938170152364944736877425186541702179282815835204519029002822117670993623731.4; 43
2662366261041110234687297968129453086268498653655423682376274104615191213487106384244403798306345703 1250
16740010626109875558314912331693121333398167264389966133188481924326062831909174114236179905143841728182693.13
7 798709878312333070406189390438835925880549596096627 1047 1288223 138455736404613 1915273321 139491903710937500

288601384259637521264639961031220706398358671729634599946131946645077432509082470954523809512840863950601.1¢ /l;
2662366261041110234687297968129453086268498653655423682376274104615191213487106384244403798306345703125
5269087165209935346164341925508843001756911104370586078602351028813128281639768454884630947653171 732224409813
+
998387347890416338007736738048544907350686995120783880891102789230696705057664894091651424364879638671875
4614607854991479990229225331362020448765971860631315539742542956531289504550849071025664015027055773349044.1 ﬂg
13311831305205551173436489840647265431342493268277118411881370523075956067435531921222018991531728515625

2044458492209095863186633492745283320889757636350547394580271594887089316503706693704620925 1094523655723561;
22186385508675918622394149734412109052237488780461864019802284205126593445725886535370031652552880859375
642678436965082938453129857831883317196333619304503989932564055222982494466466288947855682885806552725104.1¢ /lg
887455420347036744895765989376484362089499551218474560792091368205063737829035461414801266102115234375

1350499309726414051344513325714425192635112785730019220999326856012434043078481094521769447991 9922554945672/!5’
110931927543379593111970748672060545261187443902309320099011421025632967228629432676850158262764404296875

+

79610477994994324373299861077709992499786569151235540902425178486876434051792950026300471221118599897496. /lg
70432969868812440071092538839403520800753932636386869904134235571830455383256782651968354452548828125
88035014946881106013439849801549674730579647889279396092600210638298670988525046731319766322605021899091 6/1;
7395461836225306207464716578137369684079162926820621339934094735042197815241962178456677217517626953125
133894928486758497497027609236593217541892441545464624430374117862518232853394541512658824606776262546448 11 /l;
98606157816337416099529554375164929121055505690941617865787929800562637536559495712755696233568359375

+

1072016791422948861932870619199967408783589067726945867952840361364263089525896189131487481696801 049827776/1%
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