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DISCRETENESS CRITERIA AND THE HYPERBOLIC
GEOMETRY OF PALINDROMES

JANE GILMAN AND LINDA KEEN

ABSTRACT. We consider non-elementary representations of two generator free
groups in PSL(2,C), not necessarily discrete or free, G = (A, B). A word in A
and B, W(A, B), is a palindrome if it reads the same forwards and backwards.
A word in a free group is primitive if it is part of a minimal generating set.
Primitive elements of the free group on two generators can be identified with
the positive rational numbers. We study the geometry of palindromes and
the action of G in H3 whether or not G is discrete. We show that there
is a core geodesic L in the convex hull of the limit set of G and use it to
prove three results: the first is that there are well defined maps from the non-
negative rationals and from the primitive elements to L; the second is that G
is geometrically finite if and only if the axis of every non-parabolic palindromic
word in G intersects L in a compact interval; the third is a description of the
relation of the pleating locus of the convex hull boundary to the core geodesic
and to palindromic elements.

1. INTRODUCTION

In this paper we are interested in the interplay between algebraic and geometric
properties of non-elementary PSL(2,C) representations of a free group on two
generators. A word in a rank two free group is primitive if it is part of some two
generator generating set. A word is a palindrome if it reads the same forwards
and backwards. The connection between primitive words and palindromes in a
free group of rank two is well understood. While the image of a palindrome is a
palindrome under a representation, if the image is not a free group, the concept of
primitive element does not make sense. The images of a pair of primitive generators
for the free group, however, still generate the group and the palindromic property
remains important.

From the algebraic point of view, we know that primitive words in the free
group of rank two are indexed by the rationals and that each is either conjugate to
a palindrome or a product of palindromes [7]. We represent the groups as subgroups
of PSL(2,C) = SL(2,C)/{+£Id}, so that they are subgroups of the isometry group
of hyperbolic three space and define the notion of a core geodesic for the group. This
is a geodesic in H® about which the convex hull of the limit set of G is symmetric.
We obtain a map, the II-map, from the axes of the representations of primitive
words, and hence from the rationals to this core geodesic (Theorems 5.3 and 5.5).
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We use the core geodesic to obtain our main result, a necessary and sufficient
discreteness condition for G. We prove that if the representation is geometrically
finite, the axis of every non-parabolic palindromic word intersects the core geodesic
in a compact subinterval and conversely, if the axis of every non-parabolic palin-
drome intersects the core geodesic in a compact subinterval, the representation is
discrete (Theorems 6.4, 6.5 and 6.6).

When the representation is free, discrete and geometrically finite, we consider
the pleating locus of the convex hull boundary and we show that either the pleating
locus is not maximal or there are leaves intersecting the core geodesic orthogonally
and these are limits of axes of palindromes (Theorem 7.4). One can also define the
notion of a pleating locus for the convex hull boundary when the representation is
discrete but contains elliptic elements, and thus represents an orbifold rather than
a manifold. We prove that Theorem 7.4 applies in that case as well.

The organization of the paper is as follows: sections 2, 3 and 4 are preliminary
in nature. We fix notation and review terminology including the definition of the
core geodesic. Section 5 begins with the key lemma which establishes the map from
palindromic axes to the core geodesic (Lemma 5.1). In section 6 the necessary dis-
creteness condition is proved first for groups without parabolics and then extended
to groups with parabolics. The proof of sufficiency then follows. Section 7 begins
by carefully extending notation and definitions of pleated surfaces to groups with
parabolics and elliptics. It ends with a description of the relation of the pleating
locus of the convex hull boundary to the core geodesic (Theorem 7.4).

2. PRELIMINARIES: NOTATION AND TERMINOLOGY

We recall some terminology and fix some notation.

2.1. Notation. We are interested in conjugacy classes of representations p of the
free group F' = {(a,b) into PSL(2,C). Since, however, the properties we are con-
cerned with are conjugacy invariant, we work with specific representations. That
is, we can pick a representation G = p(F') with p(a) = A and p(b) = B in the
conjugacy class by by choosing specific matrices in SL(2,C) for A and B.

In order to simplify the exposition, we use the same notation for a matrix A in
SL(2,C), its equivalence class in PSL(2,C) and the isometry of H? it induces. If
the group with which we are working is not clear from the context, we will make it
explicit.

2.2. Primitive Elements. If F' is the free group on n generators, an element
W € F is termed primitive if it can be extended to be part of a minimal generating
set, that is, a set of n generators. If we are talking about a free group of rank
two, an element b is a primitive associate for a primitive element a if F' = (a,b). A
primitive element a has a set of primitive associates that are described in [6, 7] and
the unordered pair a and b is called a primitive pair.

2.3. Palindromic condition. In any group, a palindrome is a word in the gen-
erators that reads the same forwards and backwards. We let W denote the word
read backwards. For any two generator group, (A, B), if W(A, B) is a word, W=
(W(A=Y, B71))~1. The word W (A, B) is a palindrome if and only if W (A, B) =
T(/I_/(A, B). Note that this definition depends on the generating set.
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For representations p(F) = G C PSL(2,C) we are interested both in the full set
of palindromic words and the set of palindromic generators. In the free group on
two generators, the palindromic primitives are well understood; this is summarized
in section 4.

3. PRELIMINARIES: HYPERBOLIC THREE SPACE

Hyperbolic three space H? is the set of points {(z,y,t) € R3 | t > 0} together
with the hyperbolic metric dy. In what follows we use the notation and terminology
of Fenchel [4].

The boundary of H? is (isomorphic to) the Riemann sphere C and we write
OH? = C and H3 = H3 UC. Two distinct points u and v in H3 determine a unique
geodesic in H? which we denote by [u, v] and its closure, [u, v], intersects OH? in two
points, « and y which are the ends of [u, v]. We include in our geodesics, degenerate
lines; that is, if © = y we consider the degenerate line [z, x], which is a point on
OH?3.

The trace of an element X € SL(2,C) is well defined. We can use this to classify
the image of X in PSL(2,C). Note that the classification is independent of the
pull-back.

3.1. Axes and the Core A-B Normal. Every element X € PSL(2,C) fixes a
geodesic called its axis and denoted by Azx. If X is loxodromic or elliptic with
fixed points = and y in OH®, then Azx = [z,y]; if X is parabolic with fixed point
p, then Azx = [p,p]. In all cases, for any pair A,B € PSL(2,C) there is a
unique perpendicular from Axz 4 to Az p regardless of whether the axes are proper
or degenerate lines (see 2.6 of [4]).

In earlier papers, [6, 7] we denoted this unique perpendicular, or normal, to the
axes of the generators A and B by L or L 45 and called it the L—line. The L—line
depends, of course, upon the choice of generators. It will play an important role in
what follows.

Definition 3.1. For a fixed pair A and B we call the common normal, the core
geodesic.

This terminology will be justified later.

We recall that a subgroup of PSL(2,C) is elementary if there is some point in
C whose orbit under the group is finite. If the axes of the two generators A and B
share exactly one end, then the common normal reduces to a point on the boundary
and the group G = (A4, B) is elementary.

In what follows we restrict ourselves to non-elementary groups G. This excludes
the case of a degenerate core geodesic.

3.2. Half-turns. A half~turn about a geodesic X, is denoted by Hx and is the
unique orientation preserving involution fixing X point-wise.

If p ¢ X is any point in H3, there is a unique perpendicular from p to X; Hx maps
this to the perpendicular from Hx (p) to X so that Hx fixes the geodesic [p, Hx (p)].
If Q = [z,y] with Hx(Q) = Q, then Q = [z, Hx(z)] and Q is perpendicular to X.
Conversely, If Q = [z,y] is any geodesic perpendicular to X, then we must have
y=Hx(p) and Q = [z, Hx ()] = Hx(Q).
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3.3. The core geodesic and the double altitude. In our theorems a particular
element of PSL(2,C) determined algebraically by A and B plays an important role.
We give the geometric construction of its axis here and the algebraic characteriza-
tion in section 5.3.

Choose lines L4 and Lp so that A and B factor as half-turns: A = Hy,, o Hy,
and B = Hy, o Hy,,. The axis of AB is then the common perpendicular to L4
and Lp and the six geodesics Ax 4, L, Axp, Lp, Axap, La determine a standard
right-angled hexagon H ([4]). The lines L4 and Lp are thus also core geodesics
(for the pairs of generators (A, AB) and (B, AB)). The sides of the hexagon lie
alternately on axes and core geodesics. The hexagon H can be formed whether or
not G is discrete.

The common perpendiculars to opposite pairs of sides of the hexagon are the
altitudes. For example, there is an altitude A from Ax 4p to L. Note that Axps =
Axy-1p-1 and HLABHy, = A~ B~ so that the altitude from Axp4 to L in Hy,(H)
and A lie on a common line, the perpendicular from Az 4 g to Az which we denote
by by Nap . This is the double altitude of the doubled hexagon, H U Hy,(H).

3.4. Geometrically primitive elliptics. In any cyclic group, an element is prim-
itive if it generates the group. This definition obviously applies to elements in the
cyclic group generated by an elliptic element of finite order in PSL(2,C). Such an
elliptic element acts on OH? as a rotation by a certain angle. A primitive elliptic
element that rotates through a minimal angle is termed geometrically primitive.

4. PRELIMINARIES: PRIMITIVE WORDS AND RATIONAL NUMBERS

We recall facts about primitive words and rationals in two generator groups. As
above, F' = (a,b) is the free group and G is the image of a representation into
SL(2,R) (see [7] for fuller details).

We use Prg to denote the set of primitive elements in F' and Prg to denote the
image of Prg in GG. Since G is not necessarily free, the term primitive may not
apply to an element of Prg. Nonetheless, an element of Prg is a generator of a
two generator group and has a set of associates with which it generates the full
group. If an element of Prg is elliptic of finite order, it may not be geometrically
primitive.

Conjugacy classes of primitive words in the generators A, B of a rank two free
group are indexed by the non-negative rationals together with infinity'. We denote
a rational number by p/q where p and ¢ are relatively prime integers with ¢ >
0. There are several useful iteration schemes for choosing representatives of the
conjugacy classes, see for example, [6, 7, 9].

In the recursive scheme defined in [7], the words in the free group F = (a,b) are
denoted by e/, and have the following properties: when pq is even there is always a
unique palindrome in the conjugacy class and this is e),/,. When pq is odd, elements
in the e,/, conjugacy can be factored (possibly in a number of different ways)
as the product of palindromes, but the enumeration scheme determines a unique
factorization of e,,, as a product of a pair of palindromes that have previously
appeared in the scheme. Pairs of words (e,/4,€,/5) are primitive associates if and
only if |ps —rq| = 1.

IPrimitive words in the generators A~1 and B are indexed by the non-positive rationals
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If a representation of F' into PSL(2,C) is conjugate to a subgroup of PSL(2,R)
and is discrete, but not free, the pairs of generators and the indexing by non-
negative rationals must be slightly modified to take into account generators that
are not geometrically primitive.

5. GEOMETRIC IMPLICATIONS

Let us see what geometric implications there are for arbitrary representations p
of F' = (a,b) into PSL(2,C) whose image G = p(F') is non-elementary.

If wis a word in F, we write W for p(w) and use the notation p(w(a,b)) =
W(A, B) and p(ep/q) = Ep/q- If [ps — qr| = 1, the images E,/; = pl(ep)q), Er/s =
p(ers) of the primitive associate pair e,/q,€,/s in F' generate the group G. As
usual we denote the core geodesic by L.

5.1. Palindromes and the core geodesic. The following proposition says that
L is a line of symmetry for the the convex hull of the limit set of the group and
justifies calling it the core geodesic. Note that if the group is not discrete the
convex hull is all of H?. Note also that the words W in this proposition need not
be primitive.

Lemma 5.1. Let G = (A, B) be a non-elementary subgroup of PSL(2,C). The
word W = W (A, B) is a palindrome in A and B if and only if the axis of W s
orthogonal to the core geodesic, L.

Proof. Let Hy, be the half turn about L as in section 3.2. Then
HyAHy, = A™" and Hy,BHy, = B~

Thus
HyW(A,B)Hy, = W(A™', B™1).

If W is a palindrome, then W (A, B)~! = W(A~!, B~!) and the axis of W is sent
to itself under Hy, interchanging its fixed points. It is, therefore, orthogonal to
L. On the other hand, following section 3.2, if the axis of W is orthogonal to
L, then Hy, sends the axis of W to itself interchanging the fixed points. Since it
sends A and B to their respective inverses, Ary (4,p) = ATy (a-1 1), so that
W(A,B) = W(A™Y, B71)~! and W is a palindrome. O

5.2. Changing generators. Let

ba <a’,b> - <avab>v O <aab> - <baa b>

define automorphisms of F. Let ¢ = ab, d = ba.

Using the enumeration scheme in [7] and the discussion in [6], it is not difficult
to see that if e, /, is a palindrome in a and b, then either ¢,(e,/4) is a palindrome
in a and c or ¢y(ey/q) is a palindrome in d and b. If e/, is a not palindrome in
a and b, then both ¢q(e,/q) and ¢y(e,/q) are palindromes in the respective new
generators.

Using these facts, it follows that the lines L4 and Lp are core geodesics for
G presented as G = (A4,C) and G = (B, D) respectively. That is, W(A,C) is a
palindrome in A and C' if and only if the axis of W is orthogonal to the L4 core
geodesic and similarly for Lg.
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5.3. The map II. Let X and Y be any two words in G and recall that the double
altitude Nxy is the common normal to the axes of XY and Y X. In what follows
we compute with several related objects but try not to distinguish between them
in our notation except when required for clarity. These include a two by two non-
singular matrix, the same matrix normalized to be in SL(2,C), and its image in
PSL(2,C). Further a matrix determines a geodesic, namely the axis that it fixes
when acting on H3. If such a matrix is of order two, it is the line matrix determining
that geodesic.

Lemma 5.2. Let U and V' be any pair of words in the non-elementary group G that
are palindromes in the generators A and B. Then Ny, the common orthogonal to
the axes of UV and VU, is orthogonal to L and is the axis of a palindrome.

Proof. If M is a square matrix, we let det M denote its determinant. If X and Y
are two elements of PSL(2,C), the line matrix determining their common perpen-
dicular is (XY —YX)/det(XY — Y X) ([4]).

Let X = UV and Y = VU, then the altitude Ny is their common perpendicular
and its line matrix is

Tyv = (UVVU - VUUV)/det(UVVU — VUUYV).
To see this note that
Hy(Tyv) = —Ty-1y— =Tvy = —Tyv.

It follows that Hr(Nyy) = —Nyy and Nyy is orthogonal to L and it is the axis
of the palindrome UVVU — VUUYV.
a

Taken together the lemmas imply

Theorem 5.3. (The II-map) If G = (A, B) is a non-elementary group, there is
a well defined map 11 from any palindromic word W in G to the line L. This map
extends naturally to pairs of palindromic words.

Proof. It W is a palindrome, set II(W) = Azy NL. If U and V are a pair of
palindromes, set II(U, V) = Nyy N L. O

Note that a palindrome, by its definition, must be cyclicly reduced. The map
IT extends to a more general set of words obtained by cyclic permutation from the
palindromes. We omit the statement since we do not need it here.

The map II also extends to powers of primitive elliptics using the following
proposition.

Proposition 5.4. Let E be an elliptic of finite order but not geometrically primi-
tive. Let n be a positive integer so that that E™ is geometrically primitive. If E is
a palindrome, E™ is a palindrome for n odd and the product of palindromes for n
even. If E is a product of palindromes, then E™ is a product of palindromes.

PT’OOf. Set £ = P1P2. E2 = (P1P2P1) . P2 and E"3 = (P1P2P1P2P1) . PQ. Assume
n > 4, then (P, P;)" ! Py is a palindrome and E" = (P, Py)" = (PLP)" 1P\ Py =
[(P1P2)"_1P1] - Ps. O

Note that since the power of the elliptic may be factored in several ways as
the product of palindromes, in applications it is necessary to be clear about what
factorization is used.
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5.4. Applications. Applying these propositions to F' and the primitives in F', we
have the following theorem for primitive elements.

Theorem 5.5. (The rational II-map) There is a well defined map Ilg from the
non-negative rational numbers to the core geodesic L and a well defined map from
Prg, the set of primitives in F, to L.

Proof. Define Ilg(p/q) = H(Ep/q) and HF(ep/q) =11(E,/q)- O

Note that we can also consider H|PrG, the restriction of II to Prg.
Using the maps ¢,, ¢p, we can also define II-type maps from the non-negative
rationals to the core geodesics L4, Lp.

6. DISCRETENESS CONDITIONS

We begin this section by recalling some basic definitions. We refer the reader to
chapter 4 of [8] or [3].

If G is a discrete group of isometries of H?, we let A(G) denote its limit set and
Q(G) its ordinary set. We let C(A(G)) be the convex hull of the limit set. We
abbreviate these to A, 2 and C when the group G is understood. Similarly we set
Mg =H3/G, 0Mg = Q(G)/G, Ng = C(A(G))/G and dNg = C(A(G)) and omit
the subscript G when the groups are understood.

If G is discrete without parabolics, then the convex core Ng is compact.

Definition 6.1. A discrete group G of isometries of H? is geometrically finite if it
has a convex fundamental polyhedron with finitely many faces.

Definition 6.2. A discrete group G of isometries of H? that is geometrically finite
but contains no parabolics is called convex co-compact.

If G is convex-cocompact, then M is either an orbifold or a manifold. The latter
occurs when G contains no elliptics.

Definition 6.3. If H C G is a subgroup, a set C C € is precisely invariant under
Hifh(C)=Cforallh€ H and g(C)NC =0 forall ge G,g ¢ H.

Suppose that G is a geometrically finite group and that V' € G is parabolic.
Let H = (V) be the cyclic group generated by V. The fixed point p of V is the
point of tangency of pair of open disks in the ordinary set, each of which is precisely
invariant under H; there is also a horoball in H? tangent to C at p which is precisely
invariant under H.

6.1. Necessary Condition for Discreteness.

Theorem 6.4. (Necessity - no parabolics) If G = (A, B) is convex co-compact,
that is, a non-elementary discrete geometrically finite group without parabolics, then
the azes of all palindromes intersect the core geodesic L in a compact interval.

Proof. If G is a geometrically finite group without parabolics the convex core N of
M = H?/G is compact.

If G contains no elliptics, then we saw in [5] the ends of the core geodesic L
project to two of the fixed points of the hyperelliptic involution of the boundary
manifold OM = Q(G)/G. Therefore, they lie in the regular set Q. It follows that L
intersects the convex hull in a compact set, and every axis lies in the convex hull.
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If G contains elliptics, one can extend the results of [5] to see that there is still
an involution on the quotient M = Q(G)/G. It is the projection of the half-turn
about L and the ends of L lie in the regular set. Under the involution on the
quotient, the projections of ends of L are fixed points as are the projections of the
ends of L4 and Lg. This involution with its six fixed points is the hyperelliptic
involution on the quotient orbifold.

If G is co-compact and contains elliptics, the argument that the intersection of L
and C is compact is the same, provided that there is no elliptic element whose axis
shares an end with L. We claim this cannot happen. Recall (see for example, [1])
that in a discrete group two elements that share an axis belong either to a cyclic
subgroup H = (C) generated by an element C' with that axis, or to the subgroup
J = {(C, R) where R is an order two elliptic interchanging the ends of the axis. If
we normalize so the ends are [0,00], C has the form z — €z and R has the form
z — 1/z. It is easy to check that the element C'R must be a loxodromic with the
same axis and that its ends are in the limit set. Therefore the elliptic axis cannot
share both ends with L because its ends are not in the limit set.

If the elliptic axis shares a single end with L, normalizing so that this end
is infinity, the subgroup of elements sharing this end consists entirely of affine
transformations of the plane, z — az 4+ b. Such a group contains parabolic or
loxodromic elements implying that L has an end in the limit set. Therefore this
cannot happen. O

This theorem also extends to groups containing parabolic elements.

Theorem 6.5. (Necessity with parabolics) If G = (A, B) is a non-elementary
discrete geometrically finite group, then the axes of all non-parabolic palindromes
intersect the core geodesic L in a compact interval.

Proof. Assume G is a geometrically finite, non-elementary group containing para-
bolic elements. By the geometric finiteness, every abelian subgroup has rank 1 and
the convex core has a thick and thin part. Moreover, each component of the thin
part comes from the conjugacy classes of cyclic subgroups of parabolic elements.
By Margulis’ lemma [11, 12], there is an € neighborhood about the thin part that
contains no closed geodesics. The only possible axes that can project into the core
are the axes of the conjugacy class of the parabolic(s). Any orbifold points are also
outside the thin part.

If P is a parabolic palindrome, its axis intersects L at one or the other end of
the L line; call such an end x. The thin part corresponding to the cyclic subgroup
containing P lifts to a horoball at x and this horoball can contain no axes of
loxodromics since there are no geodesics in the thin part and it can contain no
elliptic axes since there are no orbifold points in the thin part.

If this is the only cyclic subgroup containing palindromic parabolics, the other
end of L is in the regular set 2 and the convex hull boundary intersects L at a
finite point.

If there is another parabolic palindrome @) not contained in the cyclic subgroup
containing P, its axis and its fixed point must be at the other end of L and L
minus the intersections of L with each of the horoballs at the ends of L is compact.
Since L has only two ends, we have accounted for all the palindromic parabolic
elements (]
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6.2. Sufficient Condition for Discreteness. There is a stronger result in the
opposite direction. This is independent of whether the group contains parabolic
elements.

Theorem 6.6. (Sufficiency) If all palindromes in a non-elementary group G =
(A, B) have azes that intersect the core geodesic L in a compact interval then G is
discrete.

Proof. In what follows, we work with elements of SL(2,C).

We can normalize and assume the ends of L are 0 and oo.

Note L is never a point even if the axes of A and B intersect. Since G is non-
elementary L is not a degenerate line. If the axes of A and B intersect in H?, L is
defined to be the geodesic perpendicular to the axes of A and B.

For any non-elementary group, given any two disjoint open sets that intersect
the limit set there is a loxodromic element of the group whose fixed points each lie
in one of these open sets (see [1]).

Now suppose G is not discrete and is non-elementary and suppose we are given
€ > 0. Since the limit set is the whole plane, we can find an element C' whose
attracting fixed point has absolute value less than e.

We claim we can also find an element U both of whose fixed points p,q have
absolute values less than ¢ and whose trace has a definite finite value. To do this,
choose a loxodromic element C' with attracting fixed point very close to zero and
fix an element D in G.

Set U = C"DC™". Its trace is equal to the trace of D for any n and it satisfies
the fixed point condition for large n. Write U = ( CCL Z ) with ad — bc = 1. Since
the trace is a fixed finite number and the fixed points have absolute value less than
€, we deduce that |c| = O(1/e).

The element V = g has the form V = — ( d b

). To see this recall that
c a
i 0

-1 _ —
(Q —HLUHLandHL—<O i

b

), and note that the image of V in PSL(2,C)

is the same as that of

The elements UV and VU are palindromes by construction. Their fixed points

are, respectively j:\/%\/g and j:\/g\/g.

In at least one of these pairs both fixed points lie close to zero.
Therefore, given the compact interval I in L, we can choose € small enough and
U such that the axis of either UV or VU (or both) intersect L outside I. g

7. THE PLEATING LOCUS

In the case that G is geometrically finite, we want to describe the pleating locus
of the convex hull boundary. In [5] where G is Fuchsian and free, we saw that the
convex hull boundary degenerates to a double of the Nielsen convex region and its
“pleating locus” is the boundary of that region. We described the pleating locus
in terms of certain generators and proved that it always consisted of simple closed
geodesics on the quotient. If the original generators for p(F') were A and B where
A and B had intersecting axes, the pleating locus was the projection of the axis
of the multiplicative commutator. If, on the other hand, A and B had disjoint
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axes, the pleating locus consisted of the axes determined by the so called stopping
generators Ag, By for the PSL(2,R) discreteness algorithm [6]; namely, the three
unique simple geodesics that are the shortest geodesics on the surface and are the
projections of the axes of Ay, By and AyBy.

In the next section, we recall some basic facts about the convex hull and its
pleating locus for a discrete group. References can be found in [2, 3, 8, 12]. We
apply some results from [5].

7.1. Terminology: Pleated surfaces and the pleating locus. Recall

Definition 7.1. A pleated surfaceis a pair (X, pl) where X is a complete hyperbolic
surface and pl is an immersion and a hyperbolic isometry of X into a hyperbolic
manifold H such that every point in X is in the interior of some geodesic arc which
is mapped to a geodesic in H. The pleating locus is the set of points in X that
are contained in the interior of exactly one geodesic arc that is mapped by pl to a
geodesic arc. The support of the pleating locus is denoted |pl|. The map pl is called
the pleating map and H is called the target manifold

Remark 7.2. By abuse of notation we often identify |pl| with its image in H and
use the same symbol for it.

If G is a non-elementary discrete group of isometries of H?, C(A(G)) denotes
the convex hull of the limit set of G. It can be constructed using support planes.
The support planes are hyperbolic planes in H? whose horizons contain points of
A(G) and have the property that one of the disks they bound contains no points of
A(G). The convex hull is then the intersection of the common half-spaces bounded
by the support planes. It is clearly G-invariant.

The support planes intersect in hyperbolic lines. The lines that lie on 9C form a
geodesic lamination; that is, they are a closed set consisting of disjoint hyperbolic
geodesics. This lamination is also called the pleating locus of OC. The geodesics in
the pleating locus are called pleating lines or leaves. The pleating locus is also G-
invariant. See [3] for a full discussion. The complementary regions of the pleating
locus are hyperbolic polygons lying in a support plane with vertices on its hori-
zon. The set of geodesics obtained by taking the closure of the boundaries of the
complementary regions form the geodesic lamination of pleating lines.

If G contains an elliptic element E, the ends of its axis are in (G) and the axis
intersects the convex hull boundary in two points, z and y. Suppose a pleating
line ¢ goes through z. Because E({) is also a pleating line and because E(z) = z,
it follows that E(¢) = ¢ and ¢ is the axis of E. The ends of ¢, however, lie in
A. Tt follows that z lies in a support plane T' that is mapped to itself by E. The
complementary component containing x must be invariant under E and, using xz as
a vertex, can be subdivided into polygonal regions mapped to one another by E.

There is a complete hyperbolic structure on dC, the boundary of the complex
hull, defined by the hyperbolic structures on the support planes glued together
along the pleating locus. The boundary OC with its pleating lamination is the
image of a pleating map by PL which we will describe in more detail shortly. Since
the support planes and pleating locus are G-invariant, the pleated surface structure
and the pleating lines project to the boundary of the quotient IN = JC/G turning
ON into a pleated surface with target manifold (or orbifold if G contains elliptics)
H3/G. The pleating map onto this target is the composition of PL with projection
to the quotient 7 : H? — H?/G.
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We denote by | PL| the support of the pleating lamination of C in H? and denote
by |pl| its projection to ON. There are two pleating maps and pleated surfaces. Our
goal is to describe the pleating map PL to dC. The pleating map to the quotient
ON is an incidental tool that helps us describe the pleating locus of JC.

Note that if G is geometrically finite and contains a parabolic element with fixed
point p, OC contains a pair of support planes whose horizons are tangent at p so
that no (non-degenerate) pleating line can pass through p.

If the group G is discrete but contains elliptics of finite order so that the target
manifold in the construction is actually an orbifold, we still have a pleated surface
and use the same terminology referring to the target as opposed to the target
manifold or obifold.

Definition 7.3. We say the pleating locus |PL| (respectively |pl|) is mazimal if the
complementary components of | PL| € JC (respectively |pl| € ON) are all hyperbolic
triangles.

7.2. The Pleating Maps. In order to define the pleated surface whose image is
OC we need a hyperbolic surface and a pleating map.

The boundary of the convex hull in H? is homeomorphic to the regular set
Q = Q(G). It has an intrinsic hyperbolic structure defined by the hyperbolic struc-
tures on the complementary regions glued together along their boundary geodesics.
Each of the complementary regions can be embedded in C preserving their hyper-
bolic structures and the images of the embeddings can be glued together with their
boundaries identified as determined by their location on 9C to form an infinitely
connected planar domain 2, homeomorphic to . The domain 2 has a complete
hyperbolic structure whose restriction to the images of the complementary regions
agrees with their structures. The boundaries of the regions form a geodesic lami-
nation on Q with respect to its hyperbolic structure. This is our domain surface.

Now we define PL to be the map from Q to H? whose image is C C H3. Thus
the pair (Q, PL) is a pleated surface where the target manifold is H® and |PL|, the
(image of the) support of the pleating locus, is precisely the geodesic lamination
of pleating lines or pleating locus of the group G. For any curve d in 8C, we let &
denote its preimage in Q.

For g € G, let g5 = PLogo PL™" and set Gg = {g5 | g € G}. The map
PL induces a group isomorphism between the groups G and G so that there is
a hyperbolic isometry from Q/ Gg to Q/G. We look at the universal covering H?
of ON = 0C/G with covering group I'. Now I'is a Fuchsian group. The covering
projection 7y : H? — ON preserves the hyperbolic structure. This covering factors
through €; that is since Q and Q are homeomorphic, there is a map g : H2 — Q
such that mp = mg o PL o mg and we have a group homomorphism A of I into G.

7.3. Description of the Pleating Locus. We now assume that G = (A4, B) is a
geometrically finite group. As in section 6, let L be the core geodesic, that is, the
common orthogonal to the axes of A and B.

Theorem 7.4. (Pleating) Assume that the non-elementary group G = (A, B) is
geometrically finite. Let I be the intersection of the core geodesic L with C, the
convex hull of the limit set of G, and let Q1 and Q2 be the endpoints of I. Let
(0C, PL) be the corresponding pleated surface. Then one of the following occurs
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There is a leaf of |PL|, the support of the image of the pleating locus of
0C, intersecting 1 orthogonally at one of its endpoints and this leaf is an
accumulation of axes of palindromes. This leaf may intersect 1 at both Qq
and Q2 or there may be two such distinct leaves one intersecting I at Qq
and the other ar Q5.

Every leaf of |PL| is disjoint from I and Q1 and Q2 lie in complementary
components of AC. In this case the pleating is not mazimal.

Proof. We proved in [5] that if G is Fuchsian, then Hy,, the half turn about L
projects to the hyperelliptic involution on M and the ends of L project to Weier-
strass points on dM so that they are in the ordinary set. We also proved that Hy,
induces the hyperelliptic involution on N. That proof extends in a straightforward
manner to any geometrically finite G.

We proceed through several steps:

(1)

We note that Hi, fixes the limit set and thus it fixes the convex hull and
the boundary of the convex hull. We claim it also fixes the pleating locus.
Proof of claim: Let £ be a leaf of the pleating locus and let = and y denote its
ends. Suppose L intersects a leaf £ in the pleating locus. Then Hy,(£)Ne # §;
that is, the image of the leaf under the half-turn will intersect itself at the
point of intersection with L. But leaves in the pleating locus are disjoint
so Hy,(¢) = ¢ and ¢ is orthogonal to L.

Suppose Hry,(¢) does not intersect ¢ and suppose ¢ is the intersection line
of two support planes. Since Hy, maps support planes to support planes,
it will preserve intersections of support planes and Hy,(¢) is a pleating line.
If 7 is a limit of pleating lines ¢,, that are intersections of support planes,
then Hy,(¢,) are pleating lines and, since the pleating lines form a closed
set, their limit Hy,(¢) is also a pleating line.

Assume there is a leaf ¢ of |PL| passing through one of the points 1 or Qs.
Since |PL| is invariant under Hy, and the leaves are disjoint, ¢ is orthogonal
to L. If ¢ is the axis of an element of G, and thus projects to a simple
closed curve on ON, the element must be a palindrome because its axis is
orthogonal to L and we are done. (Note the projection is simple because
leaves project to leaves and these are simple.)

If 7 is not the axis of an element we have to argue further. We need to find
a sequence of palindromic elements whose axes converge to £. We cannot
do this directly because, in general, axes of palindromic elements are not
leaves of the pleating.

The idea of the proof is to find a sequence of closed approximating leaves
to m(¢) on ON. These leaves lift to a sequence of axes of elements of T
that limit on a lift of 7 (¢) in H? by 77121. Because I is discrete, the traces
of the elements in this sequence diverge to infinity.

We then look at the images of these axes in C under the map PL o 7g.
Since their ends converge to the ends of ¢, they are ends of axes of non-
trivial elements of G and since G is discrete, the traces of these elements
also diverge to infinity. We use this sequence of elements in G to construct
a sequence of palindromes in G whose axes converge to £.

In order to find the appropriate lifts, recall that the axes of A and B lie in C
and are invariant under Hy,. Using a variant of the nearest point retraction,
we can find a curve « invariant under A and a curve § invariant under B
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both lying on OC and these curves can be chosen to be invariant under Hy,.
In the same way, we can also find a closed curve A on OC passing through
Q1 and Q9 invariant under Hi,.

The map HL = PL™ HLPL is an involution on 2. The curves a, ﬁ, and
5\~ are invariant under HL. Denote the pre-images of the points @1, Q2 by
Q17Q2 A R

We now choose elements A, B of I" whose axes project to curves in the
free homotopy classes of & .3 and have the additional _property that their
common orthogonal L projects to A. The involution Hy, lifts via Tg—1 to

2 where it is reflection in the line L.

(6) Assume for definiteness that the leaf ¢ passes through @ and that the axis
of A intersects L between ()1 and its intersection with the axis of B. Let
(= PL~1(¢); then it passes through Ql. Let Ql be the closest pre-image
of Q1 under Ta—1 to the intersection of the axis of A and L on the far side
of the intersection of L and the axis of B.

The projection v = mwg(¢) is a simple open infinite curve on N in
the closure of the set of simple closed geodesics on ON in the Thurston
topology on these curves. We can therefore choose a sequence of simple
closed geodesics 7, on ON converging to v and a sequence of lifts ¢, in H?2
converging to {. These lifts are axes of elements of I' that we denote by
W,,. Because the axes converge to ?, for n large they intersect L, but they
do not necessarily intersect orthogonally. Since they are converging to 1
which is orthogonal to L the angles of intersection tend to a right angle.

(7) Consider the images PL o mg (¢,) = £, in 8C. Because their axes converge
to #, the corresponding words W,, = h(Wn) € G are non-trivial. If W,
is not a palindrome, then W, and Hy,W,, Hy, have distinct axes and their
common normal intersects L.

We claim we can make our choice of v, so that infinitely many of the W,
are palindromes. We do this by constructing a palindrome P,, from each
W, that is not a palindrome and replacing the non-palindromic W,, by the
P,, so constructed.

(8) Suppose L = [0,00] and v = [—r,7]. Set

an by
()

where a,d, — b,c, = 1. Then, as we saw in section 6,
W, = ( dn bn ) .
— Cn  Qp

andy + bycy 2a,by,
2¢,dy, and, + b,cn,

Now
n n (
" <_[

By the construction of W,,, the fixed points of W,, tend to the ends £r
of 7. Since G is co-compact, r is finite.
The fixed points of W,, are

) £/ (an — 4b,cp,

i

2¢cy,



14

JANE GILMAN AND LINDA KEEN

the fixed points of % are just the rotations of the fixed points of W,, by

7; namely,

(dn —an) £ \/(an —dp)? —4bye,
2¢, '
The fixed points of the palindromes P,, = %Wn are

anby,
Cndy

Since the axes of W, approach a pleating line, the fixed points of W,
tend to £r and the discreteness of the group implies the traces (a, + d,)
tend to infinity.

It follows that either or both |a,| and |d,| go to infinity, (a, —d,)/2¢, —
0, r = lim,— 00 \/bn/Crn. We claim lima,/d, = 1.

Suppose first that lim ¢,, = ¢ with ¢ # oo; then, since (a, —d,)/2¢, — 0,
lima, —d, = 0 and lima,/d, = 1. If lim¢, = oo and lima, — d,, = f
where f # oo, then again lima,, /d, — 1 =lim f/d,, =0 or lim1 — d, /a, =
lim f/a, = 0.

We deduce that

lim:tq/anbn = lim =+ [on _ 4
Cndy Cn

We conclude that the axes of the palindromes P, intersect L in a se-
quence of points that tend to ;. The axes must accumulate in the plane
perpendicular to L at (Q; and their ends tend to the ends of ¢ as required.

(9) Suppose now that no pleating line passes through the point @Q; and that
it is contained in a complementary region o of |PL|. Since @; is fixed
by Hr, and Hjy, preserves the pleating lines and complementary regions,
Hy(0) = 0. Therefore, if £ is one leaf of do, HL(¢) is also a leaf of do.
Since no boundary leaf passes through @i, no boundary leaf is invariant
under Hy, and the boundary leaves occur in pairs; thus the region cannot
be a triangle.

O

REFERENCES

. Beardon, Alan, The Geometry of Discrete Groups, Springer-Verlag (1983).

2. R. D. Canary, D. B. A. Epstein and P. Green. Notes on notes of Thurston. In D. B. A. Epstein,

editor, Analytical and Geometric Aspects of Hyperbolic Space, LMS Lecture Notes 111, 3-92.
Cambridge University Press, 1987.

. D. B. A. Epstein and A. Marden. Convex hulls in hyperbolic space, a theorem of Sullivan,

and measured pleated surfaces. In D. B. A. Epstein, editor, Analytical and Geometric Aspects
of Hyperbolic Space, LMS Lecture Notes 111, 112-253. Cambridge University Press, 1987.

. Fenchel, Werner Elementary Geometry in Hyperbolic Space deGruyter, 1989.
. Gilman, Jane and Keen, Linda Two generator Discrete Groups: Hyperelliptic Handlebodies

Geom. Dedicata, Volume 110(no. 1), (2205), 159-190.

. Gilman, Jane and Keen, Linda Word Sequence and Intersection Numbers, Cont. Math 311

(2002), 331-349.

. Gilman, Jane and Keen, Linda Enumerating Plaindromes in Rank Two Free Groups, submit-

ted.

. Kapovich, Michael Hyperbolic manifolds and Discrete Groups Birkhauser, (2001).
. Keen, Linda and Series, Caroline, Pleating Coordinates for the Maskit Embedding of Te-

ichmiiller space for a punctured torus, Topology, Vol. 32 #4, (1993),719-749.



PALINDROMIC GENERATORS 15

10. Magnus, Wilhelm; Karass, Abraham; and Solitar, Donald Combinatorial Group Theory (1966)
John Wiley & Sons, NYC.

11. Kazdan, D. A.; Margulis, G. A. A proof of Selberg’s hypothesis. (Russian) Mat. Sb. (N.S.) 75
(117) 1968 163-168

12. Thurston, William P., The Geometry and Topology of Three Manifolds, lecture notes, Prince-
ton Univ. Princeton, N.J. (1979)

DEPARTMENT OF MATHEMATICS, RUTGERS UNIVERSITY, NEWARK, NJ 07079
E-mail address: gilman@rutgers.edu

DEPARTMENT OF MATHEMATICS, LEHMAN COLLEGE AND GRADUATE CENTER, CUNY, BRONX,
10468
E-mail address: Linda.keen@lehman.cuny.edu



