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ABSTRACT. We define two classes of topological infinite degree covering maps
modeled on two families of transcendental holomorphic maps. The first, which
we call exponential maps of type (p,q), are branched coverings and is modeled
on transcendental entire maps of the form Pe®, where P and @ are polynomials
of degrees p and gq. The second is the class of universal covering maps from the
plane to the sphere with two removed points modeled on transcendental mero-
morphic maps with two asymptotic values. The problem we address is to give a
combinatorial characterization of the holomorphic maps contained in these classes
whose post-singular sets are finite. The main results in this paper are that a
post-singularly finite topological exponential map of type (0,1) or a certain post-
singularly finite topological exponential map of type (p,1) or a post-singularly
finite universal covering map from the plane to the sphere with two points re-
moved is combinatorially equivalent to a holomorphic same type map if and only
if this map has bounded geometry.

1. INTRODUCTION

Thurston proved that a post-critically finite degree d > 2 branched covering of
the sphere, with hyperbolic orbifold, is either combinatorially equivalent to a ratio-
nal map or there is a topological obstruction, now called a “Thurston obstruction”
(see [T, DH, J] for the definition). In this paper, we address the problem of char-
acterizing some post-singularly finite covering maps of infinite degree that can be
realized as meromorphic maps. Thurston’s proof uses an iteration scheme defined
for an appropriate finite dimensional Teichmiiller space. It is divided into two parts.
Given an initial point, the iteration scheme is used to obtain a sequence of points
in the Teichmiiller space. The first part of the proof is to show that the sequence is
contained in a compact subset of Teichmiiller space if and only if the map is combi-
natorially equivalent to a rational map (a limit map of the iteration). The second
part is to give a topological criterion equivalent to non-compactness. The criterion
is called a “Thurston obstruction” to the existence of a combinatorially equivalent
rational map.

Thurston’s proof is presented in [DH]. There the main idea for the first part
of the proof is to reduce the sequence in Teichmiiller space to a sequence in the
associated moduli space and to prove that compactness of the sequence in moduli
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space is equivalent to non-existence of the Thurston obstruction. Then, the finite-
ness of the degree is used to lift this argument to the Teichmiiller space. The key
lemma, [DH, Lemma 5.2, guarantees that because the degree is finite, the sequence
in the Teichmiiller space is contained in a compact subset (in the Teichmiiller space)
provided the corresponding sequence in moduli space is contained in a compact sub-
set (in moduli space). Because finiteness of degree is a crucial element in this proof
it does not extend to infinite degree maps.

Another framework to prove the first step for branched coverings of finite degree
is outlined in [J]. It also uses Thurston’s iteration scheme and the finite dimension
of the associated Teichmiiller space but it avoids the key lemma [DH, Lemma 5.2]
in Thurston’s original proof and does not depend on the finiteness of the degree of
the given map. Instead, it uses the concept of “bounded geometry”. This will be
defined precisely in Section 9 but the idea is that under iteration the images of the
points of the post-critical set stay bounded and remain a bounded distance from
one another. At a limit point of the iteration, the images form a discrete set of the
same multiplicity. The main purpose of this paper is to show that this framework
works for topological transcendental maps too.

We define two topological classes of covering maps of the plane that model tran-
scendental maps with finitely many singular values. The model maps form a sub-
space of the topological space with a natural parameterization. Recall that over a
singular value a map fails to be a covering. Transcendental maps have two types of
singular values, critical values over which they are branched, and asymptotic values.
We give precise definitions of algebraic and asymptotic singular values for topolog-
ical maps in Section 2 that agree with the classical definitions when the maps are
transcendental. In Section 8 we show that the Thurston iteration scheme that as-
sociates a sequence of holomorphic maps in the model space to a given topological
map is well defined for our classes. We follow the framework given in [J] to these
families to find conditions under which a topological map with finite post-singular
set is combinatorially equivalent to a transcendental map. Note that because the
degree of these maps is not finite, the sequence generated by the iteration process
does not automatically remain in a compact subset of the parameter space of model
maps. Therefore, in addition to requiring a bounded geometry condition, we need to
require a compactness condition that ensures that, under the iteration scheme, the
iterates converge in the associated Teichmiiller space. We discuss this compactness
condition in more detail in Section 13.

The first family we define is modeled on the family of entire maps Pe®, where P
are () are polynomials of degrees p and ¢q. These maps have one finite asymptotic
value, one asymptotic value at infinity and p 4+ ¢ — 1 critical points. We call it the
family of topological maps of type (p,q) and we denote it by T E,,

The second family is modeled on transcendental maps with two asymptotic values
and no critical values. An example of such a map is tan z. The topological class
consists of universal covering maps from the plane to the sphere with two removed
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points. The removed points are a topological version of asymptotic values which we
again call asymptotic values. We call this the space of topological transcendental
maps with two asymptotic values and we denote it by AV2. Note that 7 Ey; C AV2.

We will prove that the holomorphic or meromorphic maps in the topological fami-
lies are precisely the model maps. The model maps Pe® for T E,,, are parameterized
naturally by the coefficients of P and (). The model maps for AV2 are parameterized
naturally by their asymptotic values (or simple functions of them).

The compactness condition says that the sequence of holomorphic or meromorphic
maps generated by the Thurston iteration scheme remains inside a compact subset
of the parameter space of the model maps.

We follow the framework given in [J] to prove that a map f € TE, ,U.AV2 with
finite post-singular set that satisfies the bounded geometry and compactness condi-
tions described above is combinatorially equivalent to a holomorphic or meromorphic
map.

Our first theorem is

Theorem 1.1. A post-singularly finite map f in TE,,U AV2 is combinatorially
equivalent to a post-singularly finite entire map of the form E = Pe? or a post-
singularly finite meromorphic map with two asymptotic values if and only if it has
bounded geometry and satisfies the compactness condition. The realization is unique
up to conjugation by an affine map of the plane.

In some cases, bounded geometry actually implies compactness. This is the case
for some f € TE,, and for f € AV2.
This is the content of our main theorems.

Theorem 1.2. A post-singularly finite map f in TE,1, p > 1, with only one
non-zero simple branch point ¢ such that either c is periodic or ¢ and f(c) are both
not periodic, s combinatorially equivalent to a unique post-singularly finite entire
map of the form azPe*?, where a = (—\/p)Pe PN if and only if it has bounded
geometry.

Theorem 1.3. A post-singularly finite map f in AV2 is combinatorially equiva-
lent to a post-singularly finite transcendental meromorphic function g with constant
Schwarzian deriwative if and only if it has bounded geometry. The realization is
unique up to conjugation by an affine map of the plane.

Theorem 1.2 is the first one to use the Thurston iteration scheme to characterize a
transcendental entire map with critical points and is thus completely new. Therefore,
we give a detailed proof of this result .

Theorem 1.3 is the content of our paper [CJK]. The main difference in the proofs
of the two theorems is the proof that the compactness condition holds. Because it
is not very long, we include the compactness part of the proof of Theorem 1.3 for
the convenience of the reader.
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Our techniques involve adapting the Thurston iteration scheme to our situation.
We work with a fixed normalization. The proof of Theorem 1.1 applies to an ar-
bitrary post-singularly finite map in either 7 E,, or AV2. It shows that bounded
geometry together with the assumption of compactness implies the convergence of
the iteration scheme to fixed point in the Teichmiiller space that corresponds to an
entire or meromorphic map of the same type (see section 11). Its proof involves an
analysis of quadratic differentials associated to the functions in the iteration scheme.
To prove Theorems 1.2 and 1.3, which apply to the special cases, we need a topo-
logical constraint (see section 12). We then prove that bounded geometry together
with the topological constraint implies compactness.

To conclude this introduction, we make a remark about the second step in Thurston’s
iteration scheme in the infinite degree context. It is still an open problem to prove
that compactness of the sequence in moduli space is equivalent to non-existence of
an appropriately generalized “Thurston obstruction” for maps in 7E, , or AV2. In
a recent paper [HSS], Hubbard, Schleicher, and Shishikura gave a partial answer in
the case of topological exponential maps. They used the non-existence of a Levy
cycle, a very special type of Thurston obstruction, to characterize when the sequence
of iterates generated by a map in 7 Ej; is contained in a compact subset of moduli
space. A full answer to the question of finding an appropriate generalization of a
Thurston obstruction is still open, even for this special case.

The paper is organized as follows. In §2, we review the covering properties of (p, q)-
exponential maps E = Pe®. In §3, we define the family T E, , of (p, q)-topological
exponential maps f. In §4, we review the properties of meromorphic maps with
two asymptotic values. In §5, we describe the space of universal covering maps
from the Eucildean plane to the sphere with two removed points. In §6, we define
combinatorial equivalence between post-singularly finite maps in 7E, , or AV2 and
prove there is a local quasiconformal map in every combinatorial equivalence class.
In §7, we define the Teichmiiller space T’ for a post-singularly finite (p, ¢)-topological
exponential map f or a post-singularly finite map in AV2. In §8, we introduce the
induced map oy from the Teichmiiller space T into itself; this is the crux of the
Thurston iteration scheme. In §9, we define the concept of “bounded geometry”
and in §10 we prove the necessity of the bounded geometry condition. In §11, we
give the proof of sufficiency assuming compactness for any post-singularly finite
map [ in either TE,, or AV2. In §12, we define a topological constraint for the
maps in Theorem 1.2 and Theorem 1.3; this involves defining markings and the
winding number of a homotopy class. We prove that the winding numbers and the
homotopy classes are unchanged under iteration of the map oy. Furthermore, in §13
we prove that bounded geometry together with the topological constraint implies
compactness. This completes the proofs of Theorem 1.2 and Theorem 1.3.
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2. THE SPACE &,, OF (p,q)-EXPONENTIAL MAPS

We use the following notation: C is the complex plane, C is the Riemann sphere
and C* is the complex plane punctured at the origin.

A (p, q)-exponential map is an entire function of the form E = Pe® where P and
() are polynomials of degrees p > 0 and ¢ > 0 respectively such that p +q¢ > 1. We
use the notation &, , for the set of (p, ¢)-exponential maps.

Note that if P(z) = ap+a1z+...a,2", Q(2) = by + b1z +...b,27, P(z) = " P(z)
and Q(z) = Q(z) — by then
P(2)eR) = Pl
To avoid this ambiguity we always assume by = 0. If ¢ = 0, then F is a polynomial
of degree p. Otherwise, E is a transcendental entire function with an essential
singularity at infinity.
The growth rate of an entire function f is defined as

_ log log M (r)
lim sup ————=
r—00 log 7

where M(r) = sup,,_, |f(2)]. It is easy to see that the growth rate of £ is g.
Recall the following definitions:

Definition 2.1. Given an entire or meromorphic function g, the point v is an as-
ymptotic value of g if there is a path y(t) such that lim,_,; y(t) = oo and limy_,1 g(~(t))
v. It is a logarithmic singularity for the map g~ if there is a neighborhood U, of
v and a component V of g~ (U, \ {v}) such that the map g : V — U, \ {v} is a
holomorphic universal covering map. If an asymptotic value is isolated, it is a log-
arithmic singularity. (This will always be the case in this paper.) The domain V is
called an asymptotic tract for v. A point may be an asymptotic value for more than
one asymptotic tract. An asymptotic value may be an omitted value.

Definition 2.2. Given a holomorphic or meromorphic function g, the point v is
an algebraic singularity for the map ¢! if there is a neighborhood U, such that for
every component Vi of g~ (U,) the map g : V; — U, is a degree d; > 1 branched
covering map and d; > 1 for some V;. For these components, if ¢; € V; satisfies
g(c;) = v then ¢'(¢;) = 0; that is ¢; is a critical point of g fori =1,...,n and v is
a critical value.

Note that if a meromorphic function had exactly one asymptotic value and no
critical values it would be a covering map ¢g : C — C\ {a} where a is the asymp-
totic value. Such a map is a conformal homeomorphism that extends to a Mobius
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transformation. Therefore if a meromorphic map of degree greater than one has
no critical values it must have at least two asymptotic values. By the big Picard
theorem, no entire function can omit more than one value and no transcendental
meromorphic function g : C — C can omit more than two values.

The following theorem about functions £ in &, , is a summary of Theorem 3.5 in
1Z].

Proposition 2.3. If ¢ > 1, E has 2q distinct asymptotic tracts that are separated
by 2q rays. Fach tract maps to a punctured neighborhood of either zero or infinity
and these are the only asymptotic values.

Proof. From the growth rate of E we see that for |z| large, the behavior of the
exponential dominates. Since Q(z) = byz? 4+ lower order terms, in a neighborhood
of infinity there are 2q branches of Q) = 0 asymptotic to equally spaced rays. In the
2q sectors defined by these rays the signs of R(Q alternate. If v(¢) is an asymptotic
path such that lim; ., y(t) = oo and v(t) stays in one sector for all large ¢, then
either limy_,o, E(7(t)) = 0 or limy_,, E(7(t)) = 0o, as RQ is negative or positive in
the sector. It follows that there are exactly ¢ sectors that are asymptotic tracts for
0 and ¢ sectors that are asymptotic tracts for infinity. Because the complement of
these tracts in a punctured neighborhood of infinity consists entirely of these rays,
there can be no other asymptotic tracts. 0

Remark 2.4. The directions dividing the asymptotic tracts are called Julia rays or
Julia directions for E. If y(t) tends to infinity along a Julia ray, E(vy(t)) remains
n a compact domain in the plane. It spirals infinitely often around the origin.

Two (p, q)-exponential maps F; and E, are conformally equivalent if they are

conjugate by a conformal automorphism M of the Riemann sphere C, that is, £} =
Mo Eyo M~ The automorphism M must be a Mobius transformation and it must
fix both 0 and oo so that it must be the affine stretch map M(z) = az, a # 0. We
are interested in conformal equivalence classes of maps, so by abuse of notation, we
treat conformally equivalent (p, ¢)-exponential maps F; and Es as the same.

The critical points of E = Pe® are the roots of P’ + PQ' = 0. Therefore, E has
p + q — 1 critical points counted with multiplicity which we denote by

QE‘ = {Cla Tt 7cp+q—1}-
Note that if E(z) = 0 then P(z) = 0. This in turn implies that if ¢ € Qg maps to
0, then ¢ must also be a critical point of P. Since P has only p — 1 critical points

counted with multiplicity, there must be at least ¢ points (counted with multiplicity)
in 2 which are not mapped to 0. Denote by

QE,OZ{CI7”'7CIC}) kSp_]-,

the (possibly empty) subset of Qg consisting of critical points such that E(c;) = 0.
Denote its complement in 2 by

QE,1 =Qp \ QE,O = {Ck—l-l; ce 7Cp+q—1}
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and denote the set of non-zero critical values of £ by
V=EQg1)={v, - ,um}
If Qg is not empty, the set of critical values is
YV u{0}.

When ¢ = 0, F is a polynomial. The point at infinity is a fixed critical point and
hence a critical value. The post-singular set in this special case is the same as the
post-critical set. It is defined as

From now on we will always assume ¢ > 0 so that £ is not a polynomial. Since ¢ > 1,
E always has one finite asymptotic value at the origin. It has another asymptotic
value at infinity which we can think of as a fixed point of E so the full set of singular

values V of F always contains 0 and co. Note, however, that F(oo) is not defined.
That is,

V=V U{0}U {o0}.

The post-singular set is defined as

Pr =U,>0E"(v),v € VU {c0}.

Conjugating by an affine map z — az of the complex plane, we normalize so that
0, 1, o0 € PE

To avoid trivial cases here we will assume that #(Pg) > 4. When ¢ = 1 and
p=0,Qp =0 and &, consists of exponential maps ae?*; a, A\ € C*. Since the
singular set contains only the two asymptotic values, 0 and oo, the post-singular set
in this special case can be written as

PE = UnzoEn(O) U {OO}

Conjugating by an affine stretch z — «az of the complex plane, we normalize so that
E(0) = 1. Note that after this normalization 0, 1, 00 € Pg and the family takes the
form eM |, A\ € C*.

When ¢ > 2 and p =0 or when ¢ > 1 and p > 1, {2, is a non-empty set; that is
V contains at least one value other than 0 or co.

We normalize as follows so that we always have 0, 1,00 € Pg:

If £ does not fix 0, which is always true if ¢ > 2 and p = 0, we conjugate by an
affine stretch z — az so that £(0) = 1.

If £(0) = 0, there is a critical point ¢4 in Qg with cp1 # 0 and vy = E(cgq1) #
0. In this case we normalize so that v; = 1. The family & ; consists of functions of
the form aze??. After normalization they take the form

—Neze,
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An important family we consider in this paper is &, 1, p > 1; each map in this family
has only one non-zero simple critical point. After normalization, the functions take

the form \
p
E(2) = azPe™, a= (— —) ev.
p
This is the family for which we have the strongest new results.

3. TOPOLOGICAL EXPONENTIAL MAPS OF TYPE (p,q)

In this section we define the space of maps of the Euclidean plane, denoted here by
R2, whose covering properties are modeled on the maps in the holomorphic family
Epq With p+¢q > 1 discussed above. We call this the space of topological exponential
maps of type (p,q) and denote it by TE, .

The maps in f € TE,, are topological maps of R? that are branched (with finite
order) at p+ g — 1 points. In analogy with holomorphic maps we call these branch
points critical points and their images critical values. If ¢ > 0, the maps f also have
one singular point a over which the map is not a covering that has the following
property. There is a punctured neighborhood of the point U \ {a} and a simply
connected component V of f~1(U \ {a}) such that f : V — U \ {a} is a universal
covering. In analogy with holomorphic maps we call this an asymptotic value of f.

Remark 3.1. In the definitions below, we assume that the maps are conjugated by
an affine map so that the asymptotic value a = 0. This is only for convenience. In
fact the classes we define are invariant under pre or post composition by a homeo-
morphism.

In [Z], Zakeri gives a description of the covering properties for the family &, ,.
Our definition of the covering properties for the family 7FE,, is modeled on his
description.

If ¢ =0, then TE,( consists of all topological polynomials P of degree p: these
are degree p branched coverings of the sphere such that f~!(c0) = {c0}.

If g =1 and p = 0, the space T Eq; consists of universal covering maps f : R* —
R?\ {0}. These are discussed at length in [HSS], where they are called topological
exponential maps.

The polynomials P and () contribute differently to the covering properties of
maps in &, ,. As we saw there, the degree of () controls the growth and behavior at
infinity. We therefore first define the space T FEy, using maps €? as our model.

In the definitions below, we use the term ray to mean a simple topological curve
starting from a finite point in R? and extending to infinity.

Definition 3.2. If ¢ > 2 and p = 0, the space T Ey, consists of infinite to one
topological maps f : R* — R?\ {0} whose set of critical points, Q; = {c €
R? | deg.f > 2}, consists of ¢ — 1 points counted with multiplicity. Let V =
{vi,--+ yom} = f(Qp) € R*\ {0} be the set of critical values. For each map in
TEo, we can choose a set of pairwise disjoint rays L; in R*\ {0}, i = 1,...,m,
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starting at v;, in such a way that the set f~1(L;) consists of infinitely many rays
starting at points in the pre-image set f~1(v;). These are divided into two categories:
if v € f~1(v;) N Qy, there are d, = deg, [ rays meeting at x and these are called
critical rays; if © € f~(v;) \ Qy, there is only one ray emanating from x and it is
called a non-critical ray.

The existence of the rays L; and f~'(L;) implies that the maps in T Fy, have
covering properties that are like those of the maps e®. Set

W =R\ (UL, L; U{0}).

The set of critical rays meeting at points in Q; divides f~'(W) into ¢ = 1 +
Zcegf(dc — 1) open unbounded connected components Wi, .-, W,. For each 1 <
1 < ¢, the components are simply connected and the map f : W; — W is a universal
covering. This means that the map restricted to each W; is a topological model for
the exponential map z — e*. The local degree at the critical point ¢; determines
the number of W, that meet a ¢;.

We now define the space TE,, in full generality where we assume p > 0 and
there is additional behavior modeled on the role of the new critical points of Pe®
introduced by the non-constant polynomial P. (See Figure 1.)

Definition 3.3. Ifq > 1 and p > 1, the space TE,, consists of infinite to one
topological maps f : R? — R? such that
i) f71(0) consists of p points counted with multiplicity.
ii) The set of critical points, Qy = {c € R? | deg, f > 2} consists of p+q — 1
points counted with multiplicity.
iii) Let Qpo = QN f7H0) be the k < p critical points that map to 0 and Qs =
Qp\ Qo the p+q—1—k critical points that do not. Note that Qs contains
at least q points and the set of critical values V = {vy,- - ,vn} = f(Q41) s
contained in R?\ {0}.

For each map in TE,, we can choose a set of pairwise disjoint rays L;
in R?\ {0}, i = 1,...,m, starting at v;, in such a way that the set f~'(L;)
consists of infinitely many rays starting at points in the pre-image set f~(v;).
These are divided into two categories: if x € f~1(v;) N Qyp1, there are d, =
deg, f rays meeting at x and these are called critical rays; if v € f~1(v;)\Qy1,
there is only one ray emanating from x and this is called a non-critical ray.

Again we see that the existence of the rays L; and f~'(L;) implies that the maps
in 7 E, , have the covering properties that mimic the covering properties of the maps
of the form F = Pe®. Set

W =R*\ (UZL(Li) U {0}).
The set f~'(W) has the following properties:

(1) The collection of all critical rays meeting at points in Q; divides f~1 (W) into
l=p+q—k=1+ Zcegf ) (d. — 1) open unbounded connected components.
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v 2
V(3) L(1)
L(0)
L
L(-1)
V(-3

L(-2)

V(-4 L(3)
V(-5 L(-4)
L(-5)

FIGURE 1. The function here is f(z) = az?e* with critical point —2,
critical value V' and fixed asymptotic value at 0. 0 is also a critical
point and critical value. The non-critical pre-images of V' are labeled
by V(k), k € Z. The line L is a ray emanating from the critical value
V' and its pre-images under f are labeled by L(k).

(2) The set f~1(0) = {a;}’_} contains p — k distinct values. BEach a; is con-
tained in a distinct component of f~'(W); label these components W;g,
i=1,...p—k. Then the restriction f : W;o\ {a;} — W is an unbranched
covering map of degree d; = deg,, f where d; > 1 if a; € Qs and d; = 1
otherwise.

(3) Label the remaining ¢ connected components of f~'(W)by W;1,j=1,...,q.
They are simply connected and the restriction f : W;; — W is a universal
covering map.

From [Z, Section 3], we see that the (p, ¢)-exponential maps are in 7 FE,, , and that

the converse follows from Lemma 3.1. We include a proof for the convenience of the
reader.

Theorem 3.4. Suppose f € TE,, is analytic. Then f = Pe% for two polynomials
P and Q) of degrees p and q. That is, an analytic topological exponential map of type
(p,q) is a (p,q)-exponential map.

Proof. 1f ¢ = 0, then f is a polynomial P of degree p.
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If ¢ > 1, then f is an entire function with p roots, counted with multiplicity.
Every such function can be expressed as

f(z) = P(2)e"

where P is a polynomial of degree p and ¢ is some entire function (see [A, Section
2.3]).
Consider
f'(2) = (P(2)g'(2) + P'(2))es).
It is also an entire function, and by assumption it has p+¢—1 roots so that Pg’ + P’
is a polynomial of degree p+ ¢ — 1. It follows that ¢’ is a polynomial of degree g — 1
and g = () is a polynomial of degree ¢. O

Remark 3.5. Since the functions in T E, , are defined by their topological properties,
post or pre-composing with a homeomorphism results in a function that is again in

TE,,.

Note that if f € TE,,, ¢ # 0, the origin plays a special role: it is the only point
with no or finitely many pre-images. Since ¢ # 0, it is an asymptotic value so there
are some rays R in components W; such that f(R) limits on 0. The point at infinity
is not in the domain or range of f but it too plays a special role. There are rays
L in W with pre-image rays R = f~!(L) in the components W;. This means that
infinity is also an asymptotic value for f. Below we treat these asymptotic values
differently because the orbit of the origin is always defined but the orbit of infinity
is not.

Below we define the post-singular set Py of f. When ¢ = 0, f is topologically
conjugate to a polynomial and, as mentioned in the introduction, a full discussion
of such maps is treated elsewhere. We therefore always assume ¢ > 1.

Definition 3.6. For f € TE, ,, we define the post-singular set as follows:
i) When g =1 and p =0, the post-singular set is

Pp = U0 f™(0) U {oc}.
ii) When g > 1 and p > 1, the set of branch (critical) points is
Qs ={ceR?| deg. f > 2}
and and the set of critical values isV = f(€1s). Note that 0 is not necessarily
in V. The post-singular set is
Py = Upzof™(V U{0}) U {oo}.

Since the conjugate of f € TE,, by z — az,a € C* is also in T E,, and conjugate
maps are conformally equivalent, we can always normalize so that {0,1,00} € Pj.
If g >1orifg=1and f(0) # 0, we normalize so that f(0) = 1 € P;. If
f(0) = 0, then, by the assumption ¢ > 1, there is a branch point ¢4 # 0 such that
v1 = f(crt1) # 0. In this case we normalize so that v; =1 € Py.

To avoid trivial cases we assume that #(Py) > 4.
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It is clear that, in any case, Py is forward invariant, that is,

f(Pr\{oo}) U{oo} C Py
or equivalently,

FH P\ {oo}) U{oo} D Py
Note that since we assume ¢ > 1, f~1(P; \ {o0}) \ (Pf \ {o0}) contains infinitely
many points.

Definition 3.7. We call f € TE,, post-singularly finite if #(Pf) < oo.

4. THE SPACE M,

In this section we define the space of meromorphic functions Ms. It is the model
for the more general space of topological functions A)V2 that we define in the next
section.

The space M consists of meromorphic functions whose only singular values are
its asymptotic values. We will see later that in this situation these must be omitted
values.

Definition 4.1. The space My consists of meromorphic functions g : C — C with
exactly two asymptotic values and no critical values.

4.1. Examples. Examples of functions in M, are the exponential functions ae®*
and the tangent functions atan¢f8z = 1« tanh Sz where «, § are complex constants.

The asymptotic values for the exponential functions above are {0, c0}; the half
plane NGz < 0 is an asymptotic tract for 0 and the half plane ®5z > 0 is an
asymptotic tract for infinity. The asymptotic values for the tangent functions above
are {«i, —ai} and the asymptotic tract for ai is the half plane 5z > 0 while the
asymptotic tract for —ai is the half plane 35z < 0.

4.2. Nevanlinna’s Theorem. To find the form of the most general function in
M we use a theorem of Nevanlinna [N, Chapter 11]*

Theorem 4.2 (Nevanlinna). Fvery meromorphic function g with exactly p asymp-
totic values and no critical values has the property that its Schwarzian deriwvative is
a polynomial of degree p — 2. That is

! 1 !

) 5(0) = (5)' = 3 (L) = s + iz

n this chapter Nevanlinna constructs rational functions with a fixed number of branch points
and then lets the order of branching go to infinity. By an earlier theorem the limit function
is analytic and has asymptotic values and no critical points. The functions all have rational
Schwarzian where the degree is bounded only by the number of points and so is bounded in the
limit. Since there are no critical points the limit Schwarzian is a polynomial. A proof of the
converse can be found in [H2, Chapter 10].
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Conversely, for every polynomial P(z) of degree p—2, the solution to the Schwarzian
differential equation S(g) = P(z) is a meromorphic function with p asymptotic
values and no critical values.

Here we apply this theorem to the special case when P(z) is a constant. It is easy
to check that S(ae’) = —142 and S(atan £z) = —152.

To find all functions in My, let 8 € C be constant and consider the Schwarzian
differential equation

(2) S(g) = —p*/2

and the related second order linear differential equation

(3) w” + 1S(g)w =w" — =—w=0.
2 4

It is straightforward to check that if wq,ws are linearly independent solutions to
equation (3), then gz = wy/w; is a solution to equation (2). The converse is also
true: if g is a meromorphic function defined in a simply connected domain in C,
then two solutions w; and wy of (3) can be found, and furthermore, these are unique
up to a common scale factor. Thus solutions to the differential equation (3) give all
the solutions of the equation (2). (This classical result can be found, for example,
in [H1, sec. 17.6]).

Normalizing so that w;(0) = 1,w}(0) = —f/2,w4(0) = 1,w(0) = $/2 and solving

. _B B . . .
equation (3), we have w; = e~ 2% wy = e2* as linearly independent solutions and
gs(2) = €7 and g_s(2) = e #* as linearly independent solutions to equation (2). An
arbitrary solution to equation (2) then has the form
AU)Q + Bw1

4
( ) ng + le
and its asymptotic values are {A/C, B/D}.

, AB,C,DeC, AD—BC =1

Remark 4.3. The asymptotic values are distinct and omitted.

Remark 4.4. If B=C = 0,AD = 1,A = \/a we obtain the exponential family
{aeP?} with asymptotic values at 0 and co. If A= —B = %i, C=D= —% we

obtain the tangent family {« tan %z} whose asymptotic values {xai} are symmetric
with respect to the origin.

Remark 4.5. Note that in the solutions of S(g) = —(%/2 what appears are e°
and e=?, and not B (or B%); this creates an ambiguity about which branch of the
logarithm of €° corresponds to a given solution of equation (2). In section 12 we
address this ambiguity in our situation. We show that the topological map we start
with determines a topological constraint which in turn, defines the appropriate branch
of the logarithm for each of the iterates in our iteration scheme.
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Remark 4.6. One of the basic features of the Schwarzian derivative is that it sat-
1sfies the following cocycle relation: if f, g are meromorphic functions then

S(go f)(z) = S(9)(f(2) ' (2)* + S()(2)-

In particular, if T is a Mdébius transformation, S(T)(z) = 0 and S(T o g)(z) =
S(g)(z) so that post-composing by T doesn’t change the Schwarzian.

In our dynamical problems the point at infinity plays a special role and the dy-
namics are invariant under conjugation by an affine map. Thus, we may assume
that all the solutions have one asymptotic value at 0 and that they take the value 1
at 0.

Since this is true for gs(z) = €%, any solution with this normalization has the
form?

= ags(z)
®) A P PN B

where « is an arbitrary value in C*. The second asymptotic value is A = —2+. It

takes values in C \ {0,1}. The point at infinity is an essential singularity for all
these functions.

The parameter space P for these functions is the two complex dimensional space
P ={a,peC}.

The parameters define a natural complex structure for the space My. The subspace
of entire functions in Ms is the one dimensional subspace of P defined by fixing
a =1 and varying f3;

gs(2) = 7.
The tangent family has symmetric asymptotic values. Renormalized, it forms an-
other one dimensional subspace of P. This is defined by fixing a = /2 and varying

B
2¢eP?
9ysp(z) =1+ tanhgz = %
v2© V2
These functions have asymptotic values at {0,2} and g 2 5(0)=1.

Definition 4.7. For g, 3(z) € My, the set Q = {0,A} of asymptotic values is the
set of singular values. The post-singular set P, is defined by

Py = U 9" () U {oo}.

n>0

2Notice that Ja,3 is obtained from gg by a Md&bius transformation with determinant 1. To see

this, multiply the top and bottom of (4) by egz, require that one asymptotic value is 0 and make
the determinant 1.
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Note that we include the point at infinity separately in P, because whether or
not it is an asymptotic value, it is an essential singularity and its forward orbit is

not defined. The asymptotic values are in P, and, since 0 and A are omitted and
9a8(0) =1€ P, #P, > 3.

5. THE SPACE AV?2

We now want to consider the topological structure of functions in My and define
AV2 to be the set of maps with the same topology.

Definition 5.1. Let X be a simply connected open surface and let S* = R* U {oo}
be the 2-sphere. For any pair of distinct points a,b € S? let fop : X — 5%\ {a,b}
be an unbranched covering map; that is, a universal covering map. We say the pair
(X, fap) is equivalent to the pair (Y, f.q4) if and only if there is a homeomorphism
h:X =Y such that f.q0h = f.p. The space of these pairs is denoted by AV2.

Let (X, fup) be a representative of a map in AV2. By abuse of notation, we
will often suppress the dependence on the equivalence class and identify X with
R? = 52\ {co} and refer to f,, as an element of AV2.

By definition f,; is a local homeomorphism and satisfies the following conditions:

For v = a or v = b, let U, C X be a neighborhood of v whose boundary is a
simple closed curve that separates a from b and contains v in its interior. Since fq
is a universal cover, v is an omitted value and

(1) fo(Us\ {v}) is connected and simply connected.

(2) The restriction f, : fa_bl(UU \ {v}) = U, \ {v} is a regular covering of a
punctured topological disk whose degree is infinite.

(3) f71(0U,) is an open curve extending to infinity in both directions.

In analogy with meromorphic functions with isolated singularities we say

Definition 5.2. v is called a logarithmic singularity of f, bl or, equivalently, an

asymptotic value of f,,. The domain V, = fa_bl(Uv \ {v}) is called an asymptotic
tract for v.

Definition 5.3. 2y = {a, b} is the set of singular values of f,.

Because it is compact, we can endow S? with the standard complex structure and
identify it with C. By the classical uniformization theorem,? for any pair (X, f.s),
there is a map 7 : C — X such that g,;, = fo o 7 is meromorphic. It is called the
meromorphic function associated to fqp.

By Nevanlinna’s theorem S(g(z)) is constant and moreover,

Proposition 5.4. If g(z) € My with Q, = {a,b} then g(z) = gop(2) € AV2 and,
conversely, if gop € AV2 is meromorphic then gq, € Ma.

3The proof of Lemma 6.2 shows that there is a quasiconformal map. By the measurable Riemann
mapping theorem, [AB], it can be made meromorphic.
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Proof. Any g(z) € My is a universal cover g : C — C \ 2, and so belongs to AV2.
Conversely, if g, € AV2, it is meromorphic and its only singular values are the
omitted values {a, b}; it is thus in M. O

We define the post-singular set for maps in A)V2 just as we did for functions in

M.
Definition 5.5. For f = f,, € AV2, the post-singular set Py is defined by

Pr= [ (%) U{oc}
n>0
Note that under the identification of S? with the Riemann sphere and X with the
complex plane, S? \ X is the point at infinity and it has no forward orbit although
it may be an asymptotic value. We therefore include it in Pj.
Conjugation of f,; by an affine transformation 7" results in another map in AV2.
In what follows, therefore, we always assume X is the Euclidean plane R?, one

asymptotic value is a = 0 and the second asymptotic value is b = A and we normalize
so that f(0) = 1.

Definition 5.6. We call f € AV2 post-singularly finite if #(Pf) < oo.

6. COMBINATORIAL EQUIVALENCE

Definition 6.1. Suppose f and g are a pair of post-singularly finite maps either in
TE,, or in AV2. We say that f and g are combinatorially equivalent if there are
two homeomorphisms ¢ and v of the sphere S = R? U {oo} fizing 0 and oo such
that o f = go1p on R? and if, in addition, ¢~1 o) is isotopic to the identity of S*
rel Py; that is, ¢| Py = | Py.

The commutative diagram for the above definition is

R2 LRQ

o
R2 _¢> R2
The isotopy condition says that P, = ¢(Pf).

Consider R? U {oc} equipped with the standard conformal structure as the Rie-
mann sphere and let f be a map from X C C into C. We say f is locally K-
quasiconformal for some K > 1 if for any z € C\ (27 U {0,1}) there is a neighbor-
hood U of z such that f : U — f(U) is K-quasiconformal. Since the maps f we are
working with are isotopies rel a finite set, the following lemma is standard. We only
give a proof for f € TE,,. For f € AV2, the proof is similar.

Lemma 6.2. Any post-singularly finite f € TE,, (or f € AV2) is combinatorially
equivalent to some locally K -quasiconformal map g € TE,, (or g € AV2).
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Proof. Recall that €2 is the set of branch points of f in C and 0 is the only asymptotic
value in C. Consider the space X = C\ Qy. For every p € X, let U, be a small
neighborhood about p such that ¢, = f|y, : U, — f(U,) C C is injective. Then
a = {(Up, ¢p) }pex defines an atlas on X with charts (U,, ¢,). If U, N U, # 0, then
bpo o (2) = 2 : ¢g(UpNUy) = ¢p(U,NU,). Thus all transition maps are conformal
(1 — 1 and analytic) and the atlas « defines a Riemann surface structure on X
which we again denote by a. Denote the Riemann surface by S = (X, «). From
the uniformization theorem, S is conformally equivalent to the Riemann surface
C \ A with the standard complex structure induced by C, where A consists of
n = #(Qs) + 1 points . The homeomorphism h : C — C with h(0) = 0 and
h:S=(X,a) = C\ A is conformal so that R = foh™!:C — C is holomorphic
with critical points at h(€2;) and one asymptotic value at 0. Since the set Py is
finite, following the standard procedure in quasiconformal mapping theory, there is
a K-quasiconfornal homeomorphism £ : C — C such that h is isotopic to k rel P.
The map g = Rok is a locally K-quasiconformal map in 7 E, , and combinatorially
equivalent to f. This completes the proof of the lemma. O

Thus without loss of generality, in the rest of the paper, for our purposes, we
will assume that any post-singularly finite f € TE,, (or f € AV2) is locally K-
quasiconformal for some K > 1. The argument in Lemma 6.2 can be adapted to
show that we may assume the maps ¢ and 1 in Definition 6.1 are quasiconformal.
We will do so in the rest of the paper.

7. TEICHMULLER SPACE T}

Recall that we denote R? U {oo} equipped with the standard conformal structure
by C. Let M = {u € L=(C) | |lull~c < 1} be the unit ball in the space of all
measurable functions on the Riemann sphere. Each element © € M is called a
Beltrami coefficient. For each Beltrami coefficient p, the Beltrami equation

Ws = JW,

has a unique quasiconformal solution w* which maps C to itself fixing 0, 1, co. More-
over, w* depends holomorphically on pu.

Let f be a post-singularly finite map in 7E,, ( or AV2) with post-singular set P.
The Teichmiiller space T' (@, Py) is defined as follows. Given Beltrami differentials
p,v € M we say that p and v are equivalent in M, and denote this by p ~ v, if
(w”)~! o w* is isotopic to the identity map of C rel P;. The equivalence class of u
under ~ is denoted by [u]. We set

Ty =T(C,P;) =M/ ~ .

The classical Teichmiiller space Teich(C \ Py) = Teich(X,) of Riemann surfaces
with basepoint Xo = C \ P; consists of equivalence classes of pairs (g, X) where
X is the Riemann sphere punctured at n = #P; points and ¢ is a quasiconformal
map g : Xo — X; (g1,X1) is equivalent to (gq, Xo) if there is a conformal map
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h : X7 — X5 such that g, Yo ho g is isotopic to the identity. It is well known that
Teich(Xy) is a finite dimensional complex analytic space.

If p, is the Beltrami differential of ¢ in the pair (g, X), we identify [p,] with
(1] € Ty. This implies that T has the same dimension as Teich(Xy). Therefore,
the Teichmiiller distance dy and the Kobayashi distance dx on T coincide (see

e.g. [GIW]).

8. INDUCED HOLOMORPHIC MAP oy

For any post-singularly finite f in TE,, (or AV2), there is an induced map o = oy
from T into itself given by

o) = /"1,
where

6 o B ERAGEOEf T
©) T = wtrepey M= =]

It is a holomorphic map, so it contracts the the Kobayashi distance dx. By the
final paragraph in the last section, this means it is a contraction in the Teichmiiller
distance dp. Thus we have that

Lemma 8.1. For any two points 7 and 7 in T},
dr(o(1),0(7)) < dp(1,7).

The next lemma follows directly from the definitions.

Lemma 8.2. A post-singularly finite f in TE, , (or AV2) is combinatorially equiv-
alent to a (p, q)-exponential map E = Pe? (or a meromorphic map in M2) if and
only if o has a fized point in T}.

Proof. Suppose ¢ has a fixed point 7 = [u], that is, o(7) = [f*u] = 7 = [u]. This
implies that w* and w/™* are isotopy rel P;. Using Formula (6) and Lemma 6.2,
one can check that

E=w'ofo (wf*“)*l

is holomorphic. This says that f is combinatorially equivalent to E(z) = P(z)e?®)
or equivalently that it belongs to AV2. This proves the “if” part.

For the “only if” part, suppose there are two quasiconformal homeomorphisms ¢
and 1 as in Definition 6.1 such that ¢ and 1 are isotopic rel Py and E = ¢o fop™! =
Pe®. Let pu be the Beltrami coefficient of ¢. Then the last equality implies that f*u
is the Beltrami coefficient of 1. Thus w* and w/™# are isotopic rel P;. This implies
that o(7) = 7 as required. O
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9. BOUNDED GEOMETRY

For any 7y € Ty, let 7, = o™(7p), n > 1. The iteration sequence 7, = [i]
determines a sequence of finite subsets

P, = wun(pf)’ n=0,1,2---.

Since all w#» fix 0,1, oo, it follows that 0,1, 00 € Py,. Note that Py, depends only
on 7, and not u, by the Teichmiiller equivalence relation.

Definition 9.1 (Spherical Version). We say f has bounded geometry if there is a
constant b > 0 and a point 7o € Ty such that

dsp(pm Qn) Z b
for pn,qn € Prp, and n > 0. Here

z—2
dsp(Z’ Z,) . | |

IRCRRERVARRE

18 the spherical distance on C.

Note that dg,(z,00) = \/%W Away from infinity the spherical metric and

Euclidean metric are equivalent. Precisely, for any bounded S C C, there is a
constant C' > 0 which depends only on S such that

Cildsp(xay) S ‘l’ - y‘ S Odﬁp(xay) Vx,y € S

Consider the hyperbolic Riemann surface R = C \ Py equipped with the standard
complex structure as the basepoint 7o = [0] € Tf. A point 7 in T defines another
complex structure 7 on R. Denote by R, the hyperbolic Riemann surface R equipped
with the complex structure 7.

A simple closed curve v C R is called non-peripheral if each component of C \ v
contains at least two points of P;. Recall that we are assuming that #P; > 4. Let
be a non-peripheral simple closed curve in R. For any 7 = [u] € T, let I-(7) be the
hyperbolic length of the unique closed geodesic homotopic to v in R,. The bounded
geometry property can be stated in terms of hyperbolic geometry as follows.

Definition 9.2 (Hyperbolic version). We say f has bounded geometry if there is
a constant a > 0 and a point 79 € Ty such that I, (v) > a for alln > 0 and all
non-peripheral simple closed curves v in R.

The above definitions of bounded geometry are equivalent because of the following
lemma and the fact that we have normalized so that 0,1, co always belong to P.

Lemma 9.3. Consider the hyperbolic Riemann surface C \ X, where X is a finite
subset of C such that 0,1,00 € X, equipped with the standard complex structure.
Let a > 0 be a constant. Every simple closed geodesic in (@\X has hyperbolic length
greater than a, if and only if spherical distance between any two distinct points in
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X s bounded below by a bound b > 0 which depends only on a and the number of
points m = #(X).

We omit the proof and refer the interested reader to [CJK] for a detailed proof.

10. THE PROOF OF NECESSITY

Our theorems have two parts: the necessity and sufficiency of the bounded geom-
etry condition. The necessity is relatively easy and can be proved once for all cases
together. We prove the following statement.

Theorem 10.1 (Necessity). If a post-singularly finite map f € TE,, (or AV2)
is combinatorially equivalent to a (p,q)-exponential map E = Pe® € Epg (0T @
meromorphic map g € M2), then f has bounded geometry.

Proof. If f is combinatorially equivalent to £ = Pe? € &, , (or g € M2), then o has
a fixed point 79 so that 7,, = 7y for all n. The complex structure on C \ Py defined
by 7 induces a hyperbolic metric on it. The shortest closed geodesic in this metric
gives a lower bound on the lengths of all geodesics so that f satisfies the hyperbolic
definition of bounded geometry. OJ

11. SUFFICIENCY UNDER COMPACTNESS

The proof of the sufficiency of bounded geometry in our theorems is more compli-
cated and needs some preparatory material. There are two parts: one is a compact-
ness argument and the other is a fixed point argument. Once one has compactness,
the proof of the fixed point argument is quite standard (see [J]) and works for any
f €TE,, and any f € AV2. This is the content of Theorem 1.1 whose proof we
give in this section. We only give the details for f € TE,,. For f € AV2, the proof
is similar but uses different notation (see [CJK]).

The normalized functions in &, , are determined by the p + ¢ + 1 coefficients of
the polynomials P and Q. This identification defines an embedding into CP*4*! and
hence a topology on &, ,.

Given f € TE,, and given any 170 = [uo] € T}, let 7,, = 0™ (79) = [un] be the
sequence generated by o. Let w” be the normalized quasiconformal map with
Beltrami coefficient p,,. Then

E,=w"o fo(w)"l €&,

This follows because by Remark 3.5 it belongs to T E), 4, by construction it preserves
to and hence is holomorphic so that by Theorem 3.4 it is in &,,. This gives a
sequence {E,}>°, of maps in &,, and a sequence of subsets Pf, = w""(Pf). Note
that Py, is not, in general, the post-singular set Pg, of E,.

The compactness condition. We say f satisfies the compactness condition if
the sequence {E, }52, generated in the Thurston iteration scheme is contained in a
compact subset of &, ,.
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From a conceptual point of view, the compactness condition is very natural and
simple. From a technical point of view, however, it is not at all obvious. We give a
detailed proof showing how to get a fixed point assuming both bounded geometry
and compactness.

Suppose f is a post-singularly finite topological exponential map in 7E,,. For
any 7 = [u] € Ty, let T, and T be the tangent space and the cotangent space
of Ty at 7 respectively. Let w* be the corresponding normalized quasiconformal
map fixing 0, 1,00. Then T coincides with the space Q,, of integrable meromorphic
quadratic differentials ¢ = ¢(2)dz?. Integrablility means that the norm of ¢, defined
by

lgll = /C 6(2)|dzdz

is finite. This condition implies that the poles of ¢ must occur at points of w*(Fy)
and that these poles are simple.

Set 7 = o(7) = [ and denote by w* and w” the corresponding normalized
quasiconformal maps. We have the following commutative diagram:

C\ fH(Py) 5 C\wh(fL(Py))
f 1B, ;
C\P; 5 C\w(Py).

Note that in the diagram, by abuse of notation, we write f~'(Py) for f~'(P;\
{oo}) U {oo}. Since by definition i = f*u, the map £ = E,; = w" o f o (w")™!
defined on C is analytic. Again by Remark 3.5 it belongs to 7' E, ,, by construction it
preserves /iy and hence is holomorphic so that by Theorem 3.4 it is in &, ;. Therefore
E.p = P, ze977 for a pair of polynomials P = P,; and Q = Q,; of respective
degrees p and q.

Let 0, : T; — T3 and o* : T — T be the tangent and co-tangent maps of o,
respectively. Take a co-tangent vector ¢ = @(w)de in T?. Let ¢ = 0*q be the
corresponding co-tangent vector in 7. Then ¢ is also the push-forward integrable
quadratic differential of ¢ by

(7) ¢ = B.q= ¢(2)d2".

To see this, recall from section 3 that E, and a choice of curves L; from the branch
points, determine a finite set of domains W; on which E is an unbranched covering to
a domain homeomorphic to C*. Since F restricted to each W; is either a topological
model for e* or z¥, we may divide each W; into a collection of fundamental domains
on which F is bijective. Therefore the coefficient ¢(z) of ¢ is given by the formula

~ d(w) 1 o(w)
8 = (L)) = Y s = ;
R P S ) E(wZ): (E 5 Q(w))?

Here L is called a transfer operator in thermodynamical formalism. Following some
standard calculations (see e.g. [J]) on transfer operators, we have,
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(9) lgll < 1lqll-

Remark 11.1. The main point in the calculations is to note that E has infinite
degree and q has finitely many poles. If there were a ¢ with ||q|| = ||G|| # 0 and poles
comprising a set Z, then the poles of ¢ would be contained in the set E(Z) U Vg,
where Vg is the set of critical values of E. Thus, by formula (8),

E*q = ¢(B(w))dw? = ng(w),
where n s the degree of E. Furthermore,
E Y E(Z)UVg) C ZUQp.

Since n is infinite, the last inclusion formula can not hold because the left hand side
1s infinite and the right hand side is finite.

An immediate corollary of inequality (9) is
Corollary 11.2. For any two points T and 7 in T,

ar(a(r),0(7)) < dr(r,7).
In addition, inequality (9) also implies uniqueness.

Corollary 11.3. If o has a fized point in Ty, then this fized point must be unique.
This is equivalent to saying that a post-singularly finite f in T E, , is combinatorially
equivalent to at most one (p,q)-exponential map E = Pe@.

We can now finish the proof of the sufficiency in Theorem 1.1.

Proof of Theorem 1.1. Suppose f € TE,, has both bounded geometry and com-

pactness. Suppose 7o = [po] satisfies the bounded geometry condition and g, is
defined by 0™(79) = [pn]. Recall that the map defined by
(10) En — w,U«n o f o (wﬂn+1)—1

is a (p, ¢)-exponential map.

If ¢ =0, E, is a polynomial and the theorem follows from the arguments given
in [CJ] and [DH] so we assume now that ¢ > 0.

Note that if Py = {0,1,00}, then f is a universal covering map of C* and is
therefore combinatorially equivalent to 2™, The Teichmiiller space in this case is
a single point. Thus in the following argument, we assume that #(P;) > 4. Then,
given our normalization conventions and the bounded geometry hypothesis we see
that the functions E,, n =0, 1,... satisfy the following conditions:

1) m = #(w"(Pr)) > 4 is fixed.

2) 0,1,00 € wh(Py).

3) Qp, U{0,1,00} C E, (w'(Py)).

4) there is a b > 0 such that d,(p,,q,) > b for any p,, ¢, € wh(Py).



BOUNDED GEOMETRY AND CHARACTERIZATION 23

As a consequence of the compactness, we have that in the sequence { E,, }°° , there
is a subsequence {E,,}3°, converging to a map E = Pe? € £,,, where P and @ are
polynomials of degrees p and ¢ respectively.

To complete the proof we need to show that the sequence has a unique limit.
To this end, note that any integrable quadratic differential g, € T} has, at worst,
simple poles in the finite set Py, = w""(Ps). Since T is a finite dimensional linear

space, there is a quadratic differential gy mex € T With ||¢yma|| = 1 such that
0<a, = HSLhP | (En)<@nll = [|(En)«lnmaz| < 1.
gnl||=1

Moreover, by the bounded geometry condition any simple poles of {gnmaz}ooy lie
in a compact set and hence these quadratic differentials lie in a compact subset of
the space of quadratic differentials on C with, at worst, simples poles at m = #(Py)
points.

Let

A7, = SUP Qp,.
n>0

Let {n;} be a sequence of integers such that the subsequence a,, — a,, as i — oo.
Taking a further subsequence if necessary, we obtain a convergent sequence of sets
P, - = wki(Pr) with limit set X. By bounded geometry, #(X) = #(FPs) and
dsp(x,y) > b for any x,y € X. Thus we can find a subsequence {g,, maz} converging
to an integrable quadratic differential ¢ of norm 1 whose only poles lie in X and are
simple. Now by inequality (9), we have that

ar, = ||Fuq|] < 1.

Thus we have proved that there is an 0 < a,, < 1, depending only on b and f,
such that
lowll = llo™[| < az,.
Let Iy be a curve connecting 7y and 7y in 7T and set [, = a?(lo) for n > 1. Then
[ =52l is a curve in Ty connecting all the points {7, }22 . For each point 7 € lo,
we have az, < 1. Taking the maximum gives a uniform a < 1 for all points in /.
Since o is holomorphic, a is an upper bound for all points in . Therefore,

dT(Tn+17 Tn) S a dT(Tna Tn—l)
for all n > 1. Hence, {7,}5°, is a convergent sequence with a unique limit point 7,
in Ty and 7 is a fixed point of . This together with Lemma 8.2 completes the
proof of sufficiency in Theorem 1.1. OJ

In the case of rational maps (see [J]) the bounded geometry condition always
guarantees that the compactness condition holds. The statements of Theorems 1.2
and 1.3 do not assume that the compactness condition holds for the families they
treat. To complete the proofs of these theorems we need to show that the bounded
geometry condition implies compactness for these families. From Definition 3.3
of the family 7E,, and the subsequent discussion, it follows that the connected
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components W; in that definition can be decomposed into fundamental domains;
that is, subsets that map one to one onto W. We need to have some control of these
fundamental domains to prove the compactness condition holds. To do this, in the
next section we define some topological constraints on the families of Theorems 1.2
and 1.3. In Section 12.3 we show how the topological constraints, together with the
bounded geometry condition, control the fundamental domains.

12. TOPOLOGICAL CONSTRAINTS.

In section 3 we defined two different normalizations for functions in T E, , that
depend on whether or not 0 is a fixed point of the map. The topological constraints
for post-singularly finite maps also follow this dichotomy.

12.1. For f € TEy, satisfying the hypotheses of Theorem 1.3. A function
in f € TEp, is also AV2 because it has the topological covering properties of
the exponential map and as such has two topological asymptotic values, a finite one
normalized to be 0 and one at infinity. Since it has no branch points its post-singular
set is Py = U>0f*(0) U {oo}. Recall that we are assuming that #P; > 4.

The hypotheses of Theorem 1.3 are that Py is finite and that f has bounded
geometry. Because P is finite the orbit of 0 is either periodic or pre-periodic. Since
the asymptotic value 0 is omitted it cannot be part of a periodic orbit so the orbit of
0 must be pre-periodic. Let ¢, = f*(0) for £ > 0. By the pre-periodicity, there are
a minimal integer k; > 0 and a minimal integer [ > 1 such that f!(cg,11) = cp, 41
This says that

{crts- it
is a periodic orbit of period [. Let ky = k;+1. Let « be a continuous curve connecting
cr, and ¢, in R? disjoint from P, except for its endpoints. Because

fler) = f(cry) = Cryy1,

the image curve § = f() is a closed curve.

12.2. For f € TE,; with a non-periodic critical point satisfying the hy-
potheses of Theorem 1.2. Any such f has exactly one non-zero simple branch
point which we denote by ¢; 0 is the only other branch point and it is fixed with
multiplicity p — 1. By our normalization, f(c) = 1. In this case

Pf = Ukzlfk(C) U {O, OO}

Again by the hypothesis of Theorem 1.2, Py is finite. Set ¢ = f*(c) for k > 0.

If ¢ is periodic, we will see below that compactness follows directly from bounded
geometry so we assume here that c is not periodic. Then, as above, there are minimal
integers k; > 0 and [ > 1 such that f'(cg,41) = cp 1. Again,

{ckit1, oo o}

is a periodic orbit of period . Let ko = k1 + 1.
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As above, let v be a continuous curve connecting c;, and ¢, in R? disjoint from
Py, except for its endpoints. Since

fler) = f(cry) = Cry1,

the image curve § = f() is a closed curve.

12.3. Winding number. In each of the above cases, 0 is either omitted or is its
only pre-image. Since the curve vy avoids Py it doesn’t pass through any pre-image
of 0. Therefore the winding number n of the closed curve 6 = f(v) about 0 is
well defined. Since the winding number is independent of homotopy rel Py we can
replace v by a curve that intersects as few fundamental domains as possible. Thus,
the winding number essentially counts the number of fundamental domains between
¢k, and ¢, and thus defines a “distance” between these fundamental domains. (See

Figure 2).
L(5)
/0_2
L(4)

V(5) L@3)
L(2)

L(1)

L(0)
L
L(-1)
V(-3
L(-2)
V('4 °c 3 L(-3)
V(-5 L(-4)
L(-5)

FIGURE 2. The figure shows f(z) = az?%e with critical point ¢y =
—2/A, critical value ¢; = 1 and fixed asymptotic value at 0. We
assume that cq lands on the cycle {cs3, ¢4} so the points ¢ and ¢4 are
the pre-images of c3. We show them separated by 3 fundamental
domains.
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The following lemma is a crucial point in the proof that the compactness condition
holds for each family of functions satisfying the hypotheses of Theorem 1.2 and
Theorem 1.3.

Lemma 12.1. Suppose f € TE,, or AV2 with 4 < #P; < oo and normalized
so that {0,1,00} € Py . Let § be any closed curve in C\ Py with winding number
n about 0. If w*" is a normalized quasiconformal map arising from the Thurston
iteration procedure, set 6, = wh*(0). Then &, has winding number n about 0. That
18, the winding number is invariant under Thurston iteration.

Proof. Given 1y = [uo] € Ty, apply the Thurston map o to obtain the sequence
Tp = 0™(70) = [in]. Let w™ be the normalized quasiconformal map in its equivalence
class with Beltrami coefficient p,,. Then

By, =w' o fo(w)™!

is holomorphic since it preserves the standard structure oy and is holomorphic. See
the following diagram.

ORAa
vf LB,
c Y C
For the given closed curve ¢ in C\ P; whose winding number about 0 is 7, set
0 = wh(0).

Note that since w"~ is a homeomorphism 6, is a closed curve in C\ w#"(Py); because
wh fixes 0,1, 0o, these points belong to w*"(Py) and d,, has a winding number 7,
about 0. Now the winding number is a topological invariant so n, = n for all n. [

We apply this lemma first to the functions f € TE,;, p > 0 with finite Py and
no periodic critical point. Using the notation of the previous two sections, if ¢ is the
non-zero critical point of f, set ¢ = f¥(c), k > 0, and let ¢, = w""(cy). Because
c is preperiodic, there are minimal integers k; > 1 and k5 such that

{Ckﬁ-l? PN ,CkQ}
is a periodic orbit.
Let v be a continuous curve from ¢, to ¢, in (R*\ P;) U {ck,,cx, }. Then § =
f(v) € (R*\ Py) U{ck,+1}- The curve
Tn+1 = whr (7)

is continuous and goes from ¢y, n41 t0 €, ni1 avoiding any other points in w#»+1(Py).
Then

On = En(yni1) = w (f((@" )" (1)) = w (f(7)) = w"(9)

is a closed curve through the point ¢, 11, = w""(cg,+1) that avoids all other points
in w"(Py). By the lemma, it has winding number 7 around 0. We can interpret 7
as the number of fundamental domains or “distance” between cg, ,+1 and cg, pt1.
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We also apply this lemma to functions f € AV2 with asymptotic values Q; =
{0, A}, with 4 < #P; < oo and normalized so that f(0) = 1. The application is a
bit different from the one above. A

The fundamental group m1(C\ {0, A\}) = Z. If we draw a curve o on C from 0 to A,
then f _l(C \ @) is topologically equivalent to the union of strips C \{U,8z = 2mn}.
If we take a closed curve 8 € C \ {0, \} separating 0 and J, its winding number
counts the number of strips it crosses. Since Py is finite the orbits {c; = f*(0)}52,
and {c, = fF(\)}2, are both finite, and thus, preperiodic. Note that neither can
be periodic because the asymptotic values are omitted. Because 0 is preperiodic,
there are minimal integers k; > 1 and ko such that

{Ckr‘rl? s 7Ck2}

is a periodic orbit.

Let v be a continuous curve connecting cx, to cx, in (R*\ Py)U{cy,, cx, }. Because
fler,) = f(cky) = Cry41, the image curve 6 = f(v) is a closed curve in (R? \ Py) U
{¢k,+1}. We can choose 7 once and for all such that § separates 0 and A; that is, so
that ¢ is a non-trivial curve closed curve in R? \ P; except at its endpoints. Let n
be its winding number about 0.

The fundamental group 71 (C \ {0, A}) = Z so the homotopy class n = [4] in the
fundamental group is an integer which essentially counts the number of fundamental
domains (strips) between ¢, and ¢, and defines a “distance” between the funda-
mental domains. The integer 17 depends only on the choice of v and since v is fixed,
SO is 7).

The iteration defines the map

Gn = w"" o f o (w')t e AV2
which is holomorphic since it preserves the standard structure jpo. The continuous
curve
Ynt1 = wHnt! (’7)

is simple and goes from cg, py1 = W' (Cky ) 1O Cpynp1 = wWHH(c,). The image
curve

On = gn (Y1) = W (f (") (yng1))) = w (f (7)) = w" (9)

is a closed curve through the point ¢k, 1., = W' (Cy41)-
From our normalization, it follows that

an
e
11 n(2) = ga z) = .
( ) g ( ) g nﬁn( ) (an_ i)eﬁnz_}_i
and 0 is an omitted value for g,. Since A\, = w#"(\), it is also omitted for g, and
(12) Ap = — € Py, = w (P).

o, —
n an
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Applying Lemma 12.1 with the curve d, we see that the curves d,, are have winding
number equal to 7, the winding number of 4.

Moreover, since the fundamental group m,(C \ {0,A\,}) = Z, we deduce that
n = [0,] € m(C\{0, \,}) = Z. Thus the homotopy class of 8, in the space C\ {0, A, }
is the same throughout the iteration. We can interpret the integer representing the
homotopy class as the number of fundamental domains between ¢y, and cy,.

Note that when f € AV2 with A\ = oo, it is also in 7 Ey ;. So the homotopy class
defined in this section is the same as the winding number defined above.

13. COMPACTNESS.

The arguments that the invariance under the Thurston iteration scheme of the
winding number and the homotopy class together with the bounded geometry condi-
tion imply compactness are different in the proofs of Theorem 1.2 and Theorem 1.3.
We present these arguments in the two subsections below. Recall that

Pip =w(Pr), n=0,12,....

13.1. The proof of Theorem 1.2. For a map in TE,;, f(0) = 0, 0 is a branch
point of multiplicity p — 1 and f has exactly one non-zero branch point ¢ with
f(c) = 1. All the functions in the Thurston iteration have the form

E,(2) = ap2Pe™*,  a, = ep< — ﬁ)p.
p
Note that E,(0) = 0 and 0 is a critical point of multiplicity p — 1. It is also the
asymptotic value and hence it has no other finite pre-images. Moreover, E,(z) has
exactly one non-zero simple critical point

— _£ — Hn
Cp = " wh (c)
and «, is defined by the normalization condition E,(c,) = 1. Recall that we are
always assuming that #P; > 4 which implies f(1) # 1 an hlS in turn implies

En(1) # 1.

If ¢ is periodic, then ¢ € Py. It follows that c¢,(# 0,00) € Py, and thus its
spherical distance from either 0,1 or oo is bounded below. That is, there are two
constants 0 < kK < K < oo such that

K< |\ <K, Vn>D0.

Because &, is a one parameter family parameterized by A, this implies that the
sequence {F,, }°°, is contained in a compact subset.

Now suppose ¢ is not periodic. By the the hypotheses in Theorem 1.2, f(c) =
is also not periodic and therefore k; > 1.

We have

An
0, 1=Eylca), Ea(l)=er( - —)pekn € Py...
P

Let ¢, = w"(¢x). Then ¢y, € Py, forall k > 1. Let 7, = wh(y) and §,, = wh"(9).
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When f has bounded geometry, since E,(1) # 0, its spherical distance from 0 is
bounded below. This implies that the sequence {|\,|} is bounded below; that is,
there is a constant £ > 0 such that

k< |A\n|, Vn>0.

By our hypothesis, ¢, n+1 # Ckynt1 both belong to Py .41 and bounded geometry
implies there are two constants, which we again denote by x, K with 0 < x < K <
oo, such that

k< |Ck2,n+1’7 |Ck1,n+1‘ < K and k < |Ck2,n+1 - Ckl,n+1| < Ka Vn > 1.

Now we prove that the sequence {|\,|} is also bounded above. Recall that when
we chose 7, we assumed it did not go through 0 and thus by the normalization,
none of the 7,1 go through 0 either. Therefore, for each n we can find a simply
connected domain D, 11 D ¥,+1 that does not contain 0. Now we compute

R R P S 1 PR N B (IS

2mi J5 w 2mi J, ., En(2) 2mi J,,.

1 1

so that
. P . p
27in = / —dz + / Andz = / =dz + M (Chynt1 — Chynt1)-
Tn+1 Yn+1 Yn+1

Rewriting we have

» p

Tn+1

This implies that

p
K|An| < A (Chant1 — Chynt1)| < 27m + ‘/ ;dz‘.

Yn+1

Thus, if we can bound the integral on the right we will be done.

Notice that log z can be defined as an analytic function on the simply connected
domain D, containing 7, that we chose above. We take log z = log |z| +1i arg(z)
as the principal branch, with —7 < arg(z) < m. We then estimate

p
‘ / —dz‘ = p|log ¢y i1 — l0g Cry |
Yn+1 z

< p(|1og |cry my1| — log [cky mial| + | arg(cry 1) — arg(cr; mi1)l)-
We have
| arg(Chymy1) — arg(Cry mi)| < 2m(n+ 1)

because of the topological constraint. By Lemma 12.1, the number of fundamental
domains between the points is bounded by the topological invariant n and this
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is independent of n. (See Figure 2.) Then, including the width of the domains
containing the points cg, n+1 and cg, 41, We have

) / Z—de
Tn+1 <

21n + (log K — log k) + 2m(n + 1)
K

< p((log K —log k) + 27(n + 1)).

Finally we have

|)‘n| < p( ).

which proves that {E,(2)}22, is contained in a compact subset in &£,;. This com-
bined with Theorem 1.1 completes the proof of Theorem 1.2 for f € TE,;.

13.2. Proof of Theorem 1.3. By hypothesis f has bounded geometry and by the
normalization of f, Q; = {0, A}, f(0) = 1 so that {0,1,A\,00} C P;. Moreover the
iterates
o= w0 f o (whrit)”!

belong to M.

Recall that Pr,, = w'"(Pf) and because w*" fixes {0,1,00} for all n > 0,
{0,1,00} C P¢,. By equation (11),

o, eh

gn(1) = w(f(1)) =

€ Ppp.
(an = ) =

n

so that o
Ay = —m
(o — @)
and
{07 17 >‘n7 gn(1)7 OO} g Pfan
The M2 here is parameterized by the asymptotic value A and the coefficient 5. The
compactness condition says that the parameter ), stays a bounded distance from 0
and 1 and that (3, is bounded away from 0 and oco.
In the case that A\ = oo, f is in T Ey; so that all the functions in the Thurston

iteration have the form g, (2) = e’»*. From our normalization, we have

07 1= gn(0)> gn(l) = eﬁn € Pf,n-i-l'

As usual, we assume #(Pf) > 4 because if #(Pf) = 3, then f(1) = 1 so that
gn(1) = 1 for all n > 0 and therefore g,(z) = €*™*. The homotopy class of §,
is determined by 7, the winding number about the origin in the complex analytic
sense. Thus m,, = n for all n and g,, = €2™*, which is fixed under Thurston iteration
so trivially lies in a compact subset in & ; C M2.

Now still assuming that A = oo, suppose that #(Py) > 4 so that g,(1) # 1. When
f has bounded geometry, the spherical distance between 1 and g, (1) is bounded away
from zero. That is, there is a constant x > 0 such that

k< |Bnl, ¥n>0.
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Now we prove that the sequence {|3,|} is also bounded above. Again we compute

1 1 1 gn(z) 1

n=-— —dw = ——dz

— - — - — .
2mi J5, w 210 S0 9n(2) 27i Pudz

Yn+1

The integral therefore depends only on the endpoints and we have
1 Bn
?7 = 5 5ndz = _-(Ck27n+l - Ck‘1,n+1)-

211 _— 271

Since 0 is omitted, it cannot be periodic. Therefore, both ¢, n41 7 Ckynt1 € Prnti;
by bounded geometry therefore, there is a positive constant which we again denote
by k such that

|Chy 1 — Chynt1| > K.
This gives us the estimate

|6 < Sl 2

|Ck2,n+1 - Ckl,n+1| K
which proves that {g,(z)}52, is contained in a compact family in & C M2.
Finally, let us prove compactness of the iterates when A # oco. In this case, since
o
>\n = —nL € Pf7n+1

n an

has a definite spherical distance from 0, 1 and oo, bounded geometry implies there
are two constants 0 < k£ < K < oo such that
kE<|anl|, |on—1|and |o,| < K, ¥n>0.

In this case, we also know that g,(1) # 1. Since g¢,(1) € Py 41, bounded geometry
implies that the constant £ can be chosen such that

k< |Bnl, Vn>0.

Again we use the topological constraint of Lemma 12.3 to prove that {|3,|} is
also bounded from above. Let

M, (z) =

Qp 2

(an — i)z+ i

so that g,(2) = M, (e*). The map M, is a homeomorphism that fixes 0. Thus,
setting d,, = M 1(4,), the winding number about 0 of 4, is equal to the the winding

number of 9,, about 0. By Lemma 12.3 this is an integer 7, independent of n.

Remark 13.1. We can consider M, as a map from C\ {0,00} — C\ {0, \,} so
so it induces an isomorphism from the fundamental group m (C \ {0,00}) to the
fundamental group m (C \ {0,\,}). Then, because these fundamental groups are

isomorphic to the integers, the homotopy classes of 0,, and b, are represented by the
same integer.
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Note that 0, is the image of 7,1 under gn(2) = €Pn*. Since 5, is a closed curve in
C\ {0, 0}, n is the winding number of ¢,, about the origin in the complex analytic
sense, and we can compute

1 [ dw 1 Gnl2) ;. _ B

77—_ —_ —_ -

(Ckz,n+1 - Ck1,n+1>'

27 5w Comi _— n(2) i
As above, i1, Chynt1 € Prnt1, and by bounded geometry there is a constant
k > 0 such that
|Ck2,n+1 - Ck1,n+1| Z ky

so that
21 2mn

< <
‘5n| - |Ck2,n+1 - Ck1,n+1| o k

This inequality proves that {g,(z) = ga, s, (2)} forms a compact subset in M2.

Thus, we have shown that in all cases bounded geometry implies the sequence
{gn} is in a compact subset in M2. This combined with Theorem 1.1 completes the
proof of Theorem 1.3.
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