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Abstract

Classical fixpoint semantics for logic programs is based on the Tp immedi-
ate consequence operator. The Kripke/Kleene, three-valued, semantics uses
®p, which extends T» to Kleene’s strong three-valued logic. Both these
approaches generalize to cover logic programming systems based on a wide
class of logics, provided only that the underlying structure be that of a
bilattice. This was presented in earlier papers. Recently well-founded se-
mantics has become influential for classical logic programs. We show how the
well-founded approach also extends naturally to the same family of bilattice-
based programming languages that the earlier fixpoint approaches extended
to. Doing so provides a natural semantics for logic programming systems
that have already been proposed, as well as for a large number that are of
only theoretical interest. And finally, doing so simplifies the proofs of ba-
sic results about the well-founded semantics, by stripping away inessential
details.

1 Introduction

There have been many attempts at providing a semantics for logic programs
with negation, but they all tend to agree on one point: if restrictions are not
to be placed on programs, partial models must be allowed. For instance, if
every formula is required to have either true or false as its value, a simple
program like p «+ —p can have no models. Among the approaches allow-
ing partial models are [5, 14, 15, 22, 23, 16]. These are not all the same.
For instance, the so-called Kripke/Kleene approach of [5] produces, for the
program p < p, a model in which p lacks a classical truth value, while the
well-founded approach of [22] produces a model in which p has the value
false.

Once partial models are allowed, it is a natural step to shift the paradigm
from that of an incompletely specified two-valued model to that of a com-
pletely specified three-valued one, in which the additional truth value, L,
can be read as “lacks a classical truth value.” It is then also a natural step



to ask, what is special about the use of three-valued logic; are there other
logics that would allow the application of similar techniques. Such a ques-
tion is of more than academic interest, since logic programming languages
involving other logics have been proposed: a confidence factor-valued lan-
guage was described in [19]; one allowing inconsistent information, with four
truth values, was presented in [7], and there have been others. In an attempt
to extend the so-called Kripke/Kleene semantics of [5] we found the notion
of a bilattice, [12], to be exactly the right construct. This approach covers
the specific logic programming generalizations just mentioned, and a large
family of others as well. A detailed presentation will appear in [10], and
further work has already appeared in [8].

The bilattice work mentioned above was part of a project to extend,
and better understand, the Kripke/Kleene semantics. But the alternative
well-founded semantics for conventional logic programs has considerable at-
tractions. Many different approaches to the semantics of conventional logic
programming have turned out to be equivalent to the well-founded one, at
least under rather broad assumptions about programs. In this paper the
well-founded approach will be extended to a richer range of logics than just
classical. Again, bilattices provide the right tools. Rather than extending
the original characterization of the well-founded model, we will build on the
equivalent one of [21] involving “alternating fixpoints.” We believe that by
moving to a more general setting, not only do we gain a wider range of ap-
plicability, but proofs become more transparent and unnecessary details fall
away. We note that some of the results appearing here have been obtained,
in a less general setting, in [17].

There are curious parallels between much of the work on logic program-
ming semantics and work on the philosophical theory of truth. Stratified se-
mantics, [2], is closely related to Tarski’s well-known heirarchy of languages.
The Kripke/Kleene approach of [5] was motivated by Kripke’s work, [13].
Its bilattice generalization, [10], has its philosophical analog, [6]. So too
with the alternating fixpoint approach of [21], which was anticipated in [24].
This convergence of two disciplines makes me want to believe we are doing
something right.

2 Syntax

We assume we have a fixed collection of constant, function and relation
symbols. Terms and atoms are built up as usual (we allow false as an atom).
A literal is an atom A or a negated atom —A. A clause is an expression of
the form A « Lq,..., L, where A is an atom other than false and L1, ..., L,
is a possibly empty set of literals. A is the head and Ly, ..., L, is the body
of the clause. A program is a finite set of clauses. If P is a program, by P*
we mean the infinite set consisting of all ground instances of clauses of P,
together with all clauses of the form A « false, where A is a ground atom



which is not otherwise the head of a clause. In the usual way we will think
of a body as the conjunction of its literals, and multiple clauses in P* with
the same head as acting like the disjunction of their bodies. This will be
explicitly built into the semantics below.

3 Bilattices

A bilattice is a structure with two partial orderings, each of them a complete
lattice, with certain relationships postulated between the orderings, [12].
Informally the points of the bilattice are truth values and one of the orderings
reflects ‘degree of truth’ while the other reflects ‘degree of knowledge.” Some
of the truth values of a bilattice may represent various states of incomplete
information, while others may represent inconsistent states.

Definition 3.1 A pre-bilattice is a structure (B, <;, <j) where B is a non-
empty set (of truth values) and <; and <j are partial orderings giving B the
structure of a complete lattice.

We use the following notation. For meet and join under <; we use A and
V in the finite case, and A and \/ in the arbitrary case. We use ® and & for
finite, and [] and >_ for arbitrary meet and join under <;. We use false and
true for least and greatest members under <;, and | and T for least and
greatest members under <j.

The operations A and V are meant to generalize their classical counter-
parts. If we think of <j as representing an ordering by knowledge, then ®
is a consensus operator: p® q is the most that p and ¢ agree on. It will play
an important role here. In a similar way, @ is an ‘accept anything’ operator.
Since a pre-bilattice has four finitary operations, there are twelve possible
finitary distributive laws, and an equal number of infinitary ones.

Definition 3.2 A distributive bilattice is a pre-bilattice in which all dis-
tributive laws hold.

It should be noted that the definition above requires both finitary and
infinitary distributive laws to hold. A typical finitary distributive law is
r®@((yNz) = (r®y) A (r®z). A typical infinitary distributive law is
@ Ny |lieSt=N{z®y; |ieS}

Belnap’s four-valued logic, from [3], is a distributive bilattice, using the
orderings displayed in Figure 1. In the Belnap logic there are two obvious
symmetries; we introduce the following terminology for them.

Definition 3.3 Let (B, <;, <) be a pre-bilattice. It has a negation if there
is a mapping — such that:

Loz <y =~y <¢
2. x <py= ~x < Y
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Figure 1: Belnap’s 4-valued Logic

3. " =1.
The pre-bilattice has a conflation if there is a mapping — such that:

Lo <py=— -y <g —x;
2. v <y = —v <4 —y;

3. ——zx ==

The Belnap logic is an example of a bilattice with both a negation and
a conflation. Another natural example is suggested by [19]. Take for truth
values pairs, (z,y) where z and y are real numbers in the interval [0, 1]. To
say a sentence p has (z,y) as its truth value intuitively means, we believe
p with confidence factor x, and doubt it with confidence factor y. Belief
and doubt need not add to exactly 1, and so gaps and inconsistencies can
be represented. The orderings are defined as follows. (z1,y1) <; (z2,y2) if
x1 < x9 and y; > yo (belief increased but doubt diminished); (x1,y1) <g
(x9,y2) if 71 < 9 and y; < yo (belief and doubt both increased). We
set =(x,y) = (y,x); thus negation switches the roles of belief and doubt.
Likewise we set —(x,y) = (1 —y, 1 — z); thus conflation replaces what was
our degree of belief by the degree to which we did not doubt.

There are many other examples of distributive bilattices of considerable
interest. Indeed, there is a general method of construction, from [12], and
also discussed and extended to take negation and conflation into account, in
[6], [8], [9] and [10]. We do not have space here to present it again.

If B is a distributive bilattice with negation, a B-valuation is a mapping
from ground atoms to members of the bilattice, mapping the atom false to
the truth value false. Valuations are given pointwise orderings. That is, we
set v1 <y vg if v1(A) <y va(A) for every ground atom A, and similarly for
<g. It is easy to check that the space of valuations is again a distributive
bilattice. We continue to use A and V for finite meet and join of B-valuations



under <;, and so on. In fact, (v ©® v2)(A) = v1(A) ® v2(A) for ® any of A,
V, ® or @. If we also set (—v)(A) = —(v(A)), the space of valuations is a
bilattice with negation. Similarly for conflation, if present. Valuations are
extended to arbitrary formulas by setting v(X AY) = v(X) Av(Y), and so
on. It is straightforward to check that if v; <j vo then vy (X) <j vo(X) for
every formula X, but if v; <; vy then v1(X) <; v2(X) provided X has no
negations.

The role of negation is an obvious one, but that of conflation is less
so. Suppose B is a bilattice with a negation and a conflation, and these
commute with each other. Call a member x of B consistent if v <; —x, and
exact if r = —z. In the Belnap logic, the consistent members are false, true,
and |, members of a three-valued logic; the <; operations, restricted to
the consistent members are the operations of the Kleene strong three-valued
logic. The exact members are just the classical truth values. Likewise in the
probabilistic system above, a member (z,y) is consistent if z +y < 1, and it
is exact if x +y = 1. The space of truth values used in [19] can be identified
with the exact subspace of this probabilistic bilattice.

In general it can be shown that the consistent members of any bilattice
with negation and conflation (assuming these commute with each other)
will be closed under the <; operations, and similarly for the exact members.
Somewhat weaker closure conditions obtain for the <j operations (see [10]).
This plays a significant role below.

Finally, we conclude with a few basic results that we will need later, and
whose proofs illustrate how one reasons in bilattices. The first is behind a
representation theorem in [12].

Proposition 3.1 In a distributive bilattice, p= (p A L) ® (pV L).

Proof
pAL)@(pVvl) = pep@VvLiLIA[Le(pVl)
= [pep) Ve DIA[(Lep)V(Le 1)
= [pVp|A[pV 1]
= pA(pVvl)
= p
O

The next result shows the interlacing conditions hold in distributive bi-
lattices. These played a fundamental role in [10].

Proposition 3.2 In a distributive bilattice:
1. x <gyimplieszx Nz<pyANzandxVz<pyVz

2. x<py impliesx®2z2<;yRz and x Bz < y D 2.

Proof We show half of part 1. If z <; y then z ® y = x. Then (x A 2) ®
(yNz)=(x@y)ANz=zAzandsox Az <pyAz O



Finally we have a result giving another connection between the two or-
derings, that will be of direct use later on. We begin with a preliminary
lemma.

Lemma 3.3 In a distributive bilattice, if a <; b <; ¢ then:

1. (anl)®@(cv L) <y Ly
2. (avV1)®c<pb;
3. (anNLl)®(enl)<pb.

Proof First, 1 <j false, so by Proposition 3.2 a A L < a A false = false.
Similarly ¢V L <j true. Then, again by Proposition 3.2, (a A L)® (¢V L) <g
false®true, and in any distributive bilattice false®true = 1. This establishes
part 1. (the hypothesis of the Lemma was not used in this part).

Next, using the hypothesis and Proposition 3.2, (aV_L)®c <j (aVb)®c =
b®c <k b.

Finally, (a A L)@ (cA L) <p (aAN L)@ (cAb)=(aNL)®@b<pb O

Proposition 3.4 In a distributive bilattice, if a <; b <; ¢ then a ® ¢ <i b.

Proof We use the Lemma, Proposition 3.1 and Proposition 3.2:

a®c = [(aAnl)®d(aVli)|®c
= [(enl)@d@(laVvl)ad
<t [(anl)®cab
= [lenl)@((cnl)e(cvl))ebd
= llend)@lcnb]ellanl)e(cV L) ®b
< b Ldb
<k b

4 Immediate Consequence Operators

In [20] and [1] an ‘immediate consequence’ operator Tp is associated with
each program P, mapping classical valuations to classical valuations. Loosely
the idea is that one application of Tp represents carrying out a single step
of deduction, based on the program P. If P does not involve negation Tp
will be monotonic (essentially in a <; ordering) and so will have a smallest
fixed point. This is taken to be the semantic meaning of the program P.
Unfortunately, if negations are present T’» will not be monotonic, and may
have no fixed points at all. In [5] an operator generally denoted ®p was
associated with program P, acting on the space of partial valuations, or
equivalently, on the Kleene strong three-valued logic, which can be identified
with the consistent part of Belnap’s logic. Like T’p, it may not be monotonic
in the <; ordering if negations are present, but it will always be monotonic



in the <j ordering, and this is enough to ensure it has a fixed point. The
smallest fixed point of ®p in the <, ordering is taken to be the semantic
meaning of P in the so-called Kripke/Kleene approach. Since Tp is the same
as $p restricted to classical valuations, it is enough here to concentrate
on ®p. It, in turn, was extended to bilattices satisfying the interlacing
conditions in [10], and it was shown that results exactly like those of the
three-valued version continued to hold. It is this extension that concerns us
now.

Definition 4.1 Let P be a program, B be a distributive bilattice with nega-
tion, and v be a B-valuation. ®p(v) is the B-valuation such that, for each
ground atom A,

®p(v)(A) = \/{v(A\B) | A — Bisin P*}.

We leave it to you to check that in the distributive bilattice of valuations,
®p will be monotonic in <z, and will be monotonic in <; if no negations
are present. Also, if B has a conflation operation, notions of consistent and
of exact can be defined, both for B and for the space of B-valuations. It is
shown in [10] that both the sets of consistent, and of exact B-valuations are
closed under ®p.

5 The Well-Founded Extension

In this section we present an overview of our proposal to extend the well-
founded model semantics. All proofs are postponed to the next two sections
— indeed, all are simple and are entirely lattice theoretic in nature.

Part of the idea behind both the well-founded and the stable model se-
mantics is to separate the roles of positive and negative information, thus
avoiding the kind of symmetry that is present in the Kripke/Kleene ap-
proach. Thus we generalize the immediate consequence operator to accept
two input B-valuations, one to assign meanings to positive atoms, the other
to negative atoms. This means we will sometimes want to think of a neg-
ative literal —A as simply a funny-looking atom, with no connection to A.
We use the term B-pseudo-valuation for a mapping from ground literals to
truth values in B, a distributive bilattice with negation. Then the value a
B-pseudo-valuation assigns to = A can be quite independent of the value it as-
signs to A. Pseudo-valuations are extended to conjunctions and disjunctions
exactly as valuations are.

Definition 5.1 Suppose v; and vy are B-valuations. We define a B-pseudo-
valuation v1Avy as follows.

(Ul AUQ)(A) = (%] (A)
(Ul Avg) (—|A) = V9 (A)



Thus in v1 Avg, v supplies the positive, and vo the negative information.

Definition 5.2 Let P be a program, and v; and vs be B-valuations. We
take Up(v1,v2) to be the B-valuation such that, for each ground atom A,

Up(vy,v9)(A) = \/{(vlﬁvz)(/\ B)| A« Bisin P*}.

Thus in ¥p positive and negative input has been split apart. It is easy to see
that ®p(v) = ¥p(v,v). Also, for those distributive bilattices with negation
and conflation, if both v; and ve are exact, so is ¥p(v1,v2), and similarly
for consistent.

Definition 5.3 A mapping f on a partially ordered space is monotonic if
x <y implies f(z) < f(y). A mapping f is anti-monotonic if x <y implies
fy) < f(=).

Under the ordering <, Up(v1,v3) is monotonic in both inputs, v; and
vy. But under the <; ordering, ¥p(v1,v2) is monotonic in v; and anti-
monotonic in vy. Then, if we hold vy fixed, we have a monotonic operator
in v1, which will have a smallest fixed point. Thus we can define a derived
operator, called a stability operator in [21].

Definition 5.4 The derived operator of ¥p is the single input mapping
U/, given by: W/ (v) is the smallest fixed point, in the <; ordering, of the
mapping (Az)Up(x,v).

We will show the derived operator ¥/, is anti-monotonic. As such it may
have no fixed points, or one, or many. If B is the Belnap four-valued logic,
the exact (= classical) fixed points of W7, if any, are exactly the stable, or
felicitous, models of [11] and [4]. If there is a unique classical fixed point, P
is said to have a stable model semantics, but such a unique classical fixed
point may not exist. We will show in Section 7 that for any program P
and any distributive bilattice B there are always two B-valuations, up and
vp, with up <; vp, between which the derived operator oscillates. If the
bilattice B has a conflation operation, and hence a notion of exactness, both
up and vp will be exact. Furthermore, these two B-valuations are extreme,
in the sense that if there are any other pairs between which the derived
operator oscillates, they must be between pp and vp. One can approximate
to wp and vp in a manner similar to that by which one approximates to the
least fixed point of a monotone mapping. In effect, these two extreme values
constitute under and over estimates for a B-valuation. We propose taking
the consensus of these extreme values, as a natural model for the program.

Definition 5.5 Let P be a program, and let up and vp be the two extreme
B-valuations between which ¥/, oscillates. By the extended well-founded
model for P we mean up ® vp.



If B is the Belnap four-valued logic, the extended well-founded model coin-
cides with the alternating fixpoint model of [21], and hence with the well-
founded model. We will show in Section 7 that for any choice of B, up ® vp
is a model for program P in an appropriate sense. We will also show that
wp ® vp is below any fixed point of ¥/, in the <; ordering, and hence
contains no more knowledge than any stable model of P.

6 Monotonic and Anti-monotonic Operators

In this section we begin the presentation of proofs of the assertions made
in the previous section. By the Knaster-Tarski theorem, [18], a monotonic
mapping on a complete lattice has a smallest and a biggest fixed point. This
is a standard result, but similar results concerning anti-monotonic operators
are less well known. In order to prepare for them we briefly sketch the proof
of the Knaster-Tarski theorem as background.

Suppose (L, <) is a complete lattice (infinite as well as finite meets and
joins exist). And suppose M : L — L is monotonic. Set A = {x € L |
M(z) <z}andset B={r €L |z < M(z)}. Let y = ANA and v =\ B.
Then p is the smallest, and v the biggest fixed point of M, by the following
argument.

1. If x € A then M(z) < z so by monotonicity M?(x) < M(z), and so
M(z) € A. In a similar way B is closed under M.

2. Suppose z € A. Then pu < z, so M(pu) < M(z) < x. Since x was an
arbitrary member of A, M(u) < p. Then p € A. In a similar way,
v € B.

3. Since p € A, M(u) € A, hence pp < M(p). Then M(u) = p. Also
since every fixed point of M is in A, and pu is the greatest lower bound
of A, u must be the smallest fixed point. By a similar argument, v is
the biggest fixed point.

Incidentally, the argument shows the stronger fact that not only is p least
among fixed points, but if M(x) <z, p < z.

A typical application of the Knaster-Tarski result in logic programming is
to provide a semantics for programs without negations. Customarily these
are produced in the space of classical valuations (ordered by <;), but it
might be wondered whether allowing partial valuations could change things.
In fact, it will not. This is a result that extends to arbitrary bilattices with
negation and conflation: the least fixed point, under the <; ordering, of the
immediate consequence operator for a program without negations must be
exact. This follows from the facts that the exact members must be closed
under A and \/, false and true must be exact, and the following argument.

Suppose the complete lattice L has a complete sublattice Ly containing
the least and greatest members of L, and that meets and joins of subsets



of Lo are the same, whether evaluated in Ly or in L. And suppose M is a
monotonic mapping on L, such that Lg is closed under M. Then the least
fixed point of M is the same in L and in Ly. (Similarly for the greatest fixed
point.) A proof of this can be based on the well-known way of approximating
to the least fixed point of a monotonic mapping by beginning with the least
member of the lattice, iterating applications of the mapping, and taking
sups at limit stages. By our assumptions, the least member of L is the same
as the least member of Lg. Then, again by our assumptions, the sequence
of approximations to the least fixed point of M will be the same whether
calculated in L or in Lg, which is enough to establish the claim.

Now we turn to the anti-monotonic version; suppose N : L — L is anti-
monotonic. We will show N has two points, one below the other, between
which it oscillates. Further, we will show that if there is another pair of
points between which N oscillates, they must lie between these.

Since N is anti-monotonic, N? is monotonic. Set A = {zx € L | N?(z) <
r},and B={z € L |2 < N%*)}, and set p = AA and v = \VB. By
the argument above, u and v are the smallest and biggest fixed points of
N2, Then p < v, of course. Also, if N oscillates between some other pair
of points, ¢ and d say, both ¢ and d will be fixed points of N?, and hence
will come between p and v. Finally, that ;4 and v are interchanged by N is
shown as follows.

1. If z € A then N%(z) < z so by anti-monotonicity N(x) < N3(z), and
so N(z) € B. Similarly, if € B then N(z) € A.

2. Exactly as in the Knaster-Tarski argument, u € A and v € B. Then
N(p) € B and so N(u) < wv. Likewise N(v) € A, so u < N(v).

3. Since p < N(v), by anti-monotonicity N?(v) < N(u). But v is a
fixed point of N2, so we have v < N(u), and so N(u) = v. Similarly
N(v) = u.

We mentioned above that the smallest fixed point of a monotone oper-
ator can be approximated to by beginning with the least element of L and
continually iterating the operator, taking sups at limit stages. In a simi-
lar way, such an iteration process can be carried out for an anti-monotonic
operator, producing a sequence with two subsequences, one of which ap-
proximates from below to the point u, the other of which approximates from
above to the point v. Inferior and superior limits take the place of simple
limits in the monotonic case. This is the approach taken in [24]. Finally,
above we showed the least fixed point of a monotonic operator would be the
same in a lattice as in a sublattice with the same meets and joins. Since the
oscillation points of an anti-monotonic operator are the extreme fixed points
of the square of the operator, a similar result applies to them.



7 Proofs of Basic Results

In this section we present proofs of the results that were stated in Sec-
tion 5. Since the arguments are largely lattice-theoretic in nature, we ab-
stract slightly to clear away useless details. Assume, for the rest of this
section, that B is a distributive bilattice with negation, and that W(vy,vy)
maps B-valuations to B-valuations, and meets the following conditions:

1. under the ordering <;, ¥(v;, v2) is monotonic in v; and anti-monotonic
in vg;

2. under the ordering <, ¥(v1,v2) is monotonic in both arguments;

3. if there is a notion of exactness, then if v; and v9 are both exact, so is
W (v, v2);

We set ®(x) = ¥(z,x). Also we set ¥/'(v) to be the smallest fixed point,
in the <; ordering, of the mapping (Az)¥(z,v). By item 3. and remarks in
the previous Section, if v is exact, the least fixed point of (Az)¥(z,v) will
also be exact, and will be the same whether evaluated in the space of all
valuations, or just in the space of exact valuations. Then ¥’ (v) will be exact
if v is exact. Also, by definition,

U (V' (v),v) = ¥'(v)
U(x,v)=0= V'(v) <,z

and further, from the proof of the Knaster-Tarski result,
U(z,0) <4z = V' (v) <4 2.
Proposition 7.1 ¥’ is anti-monotonic.

Proof Suppose v; <; va. Then for each z, U(z,v2) <; U(z,v1). It follows
from this, and the facts above, that U(U'(v1),va) <; U (¥ (v1),v1) = ¥ (vy),
and so ¥'(vy) <; ¥'(v1). O

Using Proposition 7.1, ¥/ has two extreme values between which it os-
cillates. If there is a notion of exactness, these will be exact B-valuations
and, by results in the previous Section, will be the same whether evalu-
ated in the space of all B-valuations or only of exact B-valuations. For the
rest of this section we use p and v for these two values, assuming p <; v.
Then, ¥'(u) = v, and ¥'(v) = p. Note the following simple equations:
U(p,v) =9 (V' (v),v) =¥ (v) = pu, and similarly ¥ (v, u) = v.

We have not yet defined the notion of a model for a logic program; we
do so now. The idea is simple: require program heads to be at least as true
as bodies.

Definition 7.1 A B-valuation v is a model for a program P provided, for
each clause A — B in P*, v(A4) >, v(A\ B).



It is straightforward to check that v will be a model for a program P if
and only if ®p(v) <; v. We will show up ® vp is a model for P by showing
the stronger fact that up ® vp is a fized point for ®p. In proving this, the
main role will be played by the ordering <j, rather than by <;.

Proposition 7.2 d(u@v) < pwv.

Proof p@v <gpand p@v <t v,so V(pu@v,u®v) < ¥(v,u) = v and
U(p@v,u@v) <k ¥(u,v) = p. It follows that P(u@v) = V(u@v, pev) <j
pLR®v. O

Thus we have half of the proof that ® v is a fixed point. The other half
makes use of general results about distributive bilattices.

Proposition 7.3 p@v <; ®(pv).

Proof Since p <; v, by Proposition 3.2, py=pupu < p®@v 4 v@v =v.
Then p = V(p,v) <4 ¥(p@v,p@v) = S(u@v), and v = ¥(v,u) 2
V(pu@uv,uev)=o(uev).

Since p <; ®(u ® v) <t v, by Proposition 3.4, u@v <, ®(p®v). O

Proposition 7.4 py® v is a fized point of P.
Proof By Proposition 7.2 and Proposition 7.3. O

Finally, since every fixed point of ¥/ must lie between i and v in the
<; ordering, Proposition 3.4 immediately gives us the following, which says
1 ® v is a lower bound, in the <j ordering, for stable models.

Proposition 7.5 Ifv is a fived point of W' then p®@ v < v.
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